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~  MISSION STATEMENT

The mission of the Wisconsin Research and Development Center

ig to improve the quality of education by addressing the full
range of issues and problems related to individualized schooling.
Teaching, learning, and the problems of individualization are
given concurrent attention in the Center's efforts to discover
processes and develop strategies and materials for use in the
schools. The Center pursues its mission by

® conducting and synthesizing research to clarify the
processes of school-age children's learning and s
development

-

-

.

e conducting and synthesizing research to clarify effectiv
approaches to teaching students basic skills and concepts

e developing and demonstrating improved instructional strategies,
processes, and materials for studenrts, teachers, and school
administrators

@ providing assistance to educators which helps transfer the
outcomes of research and development to improved practice
in local schools and teacher education institutions

The Wisconsin Research and Developmeht Center is supported

with funds from the National Institute of Education and the
University of Wisconsin.
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ABSTRACT
The purpose of this study was to test the effect of several
cognitive developmental capacities on first~grade children's

ability to learn basic concepts and skills of linear measurement.

v

The cognitive capacit&;s of interest were logical reasoning dbiligi—'
and information processing capacity. The hypotheses predicted that
children who had not yet developed these capacities would experiende '
difficulty learning certain measurement concepts Or skills.

Potential subjects were pretested to measure their level =
of cognitive development and to assessytheir understanding of the
measuremeﬁ: concepts on whicﬁ they would receive instruction.

\_

Logical r;hsoning ability was measured using Piagetian tasks of
length conservation and lgngtg transitivity, and information prq- .
cessing cepacity was assessed with a backward digit span task.

The final sample consisted of 32 children who esiﬂggsed no under-

standipg of the measurement concepts, with eight children in each

cell of a 2 x 2 matrix of high/low logical reésoning abilicy bf.

high/low information processing capacity.

Similar instructiom was provided for all subjects on four

basic concepts of linear measurement: 1) using a continuous

representation to compare and order two lengths; 2) coﬁstructing“gﬁﬁi“f-“A!~j

.
a discrete representation of a given length; 3) iterating units '

and representing length numerically; and, 4) accounting for the

"
g
-
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1nve§sé t;iationship between! unit size and unit number. Fo#r

| lg:ii!ﬁinute lessons, désiénfd to teach the four concepts, were
presented to each subject in a one-one interview setting. A
unique chafacteristic'of 1nsc1uctibn_w§s the introduction of
cognitive conflict into ﬁhe learning situation.- After the subject
completed afhgasureménﬁ task, the investigator measured in a dif-
ferent way; énd the,subiect was asked .to resolve the conflict
‘between the different ‘results, &

Several assessm;nt taska were included as jpart of each
instruction lessor. These were logically amalyzed prior to
instruction to determine the demands they placed on the 1égical
reasoning abilities and on information_praces%§ng capacity.

- This analysis generated predictions about the tasks om which
.differenées between the developmental grcupsrwould occur.

Two-way analyses of variance were run on the sets of tasks'
which presumably made similar demands on logical reasomning ability § ;
and those which made similar demands on information processing
capacity.

The results confirmed the predictions with respect to logical
reasoning ability. Subjects who conserved length and reasorned
transitively performed qigniffcantly better than those who did
not on the set of assessment tasks which made di;ect demands on

these logical reasoning abilities. However, at least some of the

subjects who did not possess these abilities performed successfully

. g
. QW
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on these tagks. Only the final assesspént.tnsklinwplvins the
1nferae relatiogship between unit number and unit size seened
to require conservation and transitive reasoning. ‘No significant
Setween—group differences we}e foﬁpd on the cowmplementary set of
F 'taakp which only required learning a new measuring skill or :echnique..
B | . Yo significant differences were found between the high and
low informatiom processing capacity groups. 1t appears that before
significant relationships between proce;sing capacity and ‘mathe-
matics learning can be uncovered, advances must be m#de in develop-~
ing analysis procedures which relisbly specify the information pro-
cessing demands of a given task, and devising context-specific
measures of processing capacity.
The developmental groups did not differ significsntly in
b their ability to recognize and resolve conflict, but performunce
in the conflict situations did correiate significantly with per-
formance on the final measurement tasks« No {nteraction effects
.between the two-developmental factars were found on the measure-
uent task scores or the conflict scores.
The results of this étudy indicate that some cognitive :
developmental abilities do affect children's mathematic§ Ita#n-
ing, but only on specific concepts. Future research should

systematically document specific relationships between patticular

developmental abilities and logically related mathematical tasks.
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Chapter 1
STATEMENT "OF THE PROBLEM

mmgse of the Study -

A key ingredient in the desigm of mathematics instruction is
thg selection of appropriate mathematics content. The learni;g
difficulties experienced by manyhstudenta studying mathematics
demonstrate the importance of pres;ribingimathemstical tasks
which are within the learning capabilities of the studemt. Tradi~
tionally, the pééscription of content has been basedfgh consider-
ations of mathematical structure, Or on general pupil characteris-

-

“¢ics such as age or grade level. However thete is a growing body of

research (see Carpenter, in press-—a; Case, 1975, 19583) which

- suggests that careful attention must be given to specific pupil

characteristics if content is to be selecfed which is appropriate
for individual students. These pupil characteristics include
éertain cognitive develoﬁmental caﬁécities which may have a signif-
icant effect on children's éBility to learn mathematical concepts.

Thelyurpose of this study was to examine the effect of several
of these critical mentallcapacities on first-grade childreﬁ's

ahili;y to learn about linear measurement. The intent of the study

was to test directly the hypothesis that cognitive developmerftal

abilities affect children's mathematics learning. Although this

hypothesis represents one of the most powerful and fundamental

"o mory



implications of cognitive developmerit’ ﬂer mathematics instruction,
it has rately been tested empirically’ Positive ccrrelations
between developmental level and mathematics learning have con~-
sistently been reported (Carpenter, in press-a), but correlations
between two sets of scores provide little imsight into the role
playgd by specifié'developmental aﬁilities iﬁ learning particq}ar
mathematical- concepts or skills. Previous studies have not shown

whether épecific developmental abilities are necessar& to learn

certain concepts or skills, It is this kind of informatfon which ;

- is needed in order to prescitbe mathematical content which is
apprapriate'%br indivicufl chfMdPen. The present study was designed:
to investigate the effect of two kinds of cognitive developmental
capacities on éhildrén’s ability to learm certain basic concepts
and skills of linear measurcmeat.

The purpose of the following discussion is to: 1) describe
the nature of the developmental abilities which were investigated
and provide a ratiomaie for their inclusion in the study; 2) present
a br;ef overview 6{ thé procedures used to test the effect of these
abilities on children's mathematics learning; énd, 3) create an -

A '

a?propriate contex% within which to vfgé the contributions and

limitations of the study.

Cognitive Developmental Variables

Two basic types of developmental vagiahles were employed in

\

e
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rd
this study. The first deals with children's logical reasoning

And is best operationalized within Piaget's theory of cognitive

_development (Flavell, 1963). The second concerns children's
limited capacity to process and integrate informstion. A rel-
atively novel but potentially useful deveiopmental approach to
this ptobiem is described'by Pascual-Leone (1970). The following
diséussion will 1denéi£y measures of logical reasoning and infor- -

| mation processing capacity which a£e suggested by these theories,
and indicate why the measures were used in this study.

Logical reasoning abilities. One of the major contributions

» of Piaget's work has been the clear demnnstratién»tha: children's
1031& is different from that of adults’'. Children use qualitatively

different reasoning processes than adults to solve certain types
~ ‘ ‘

of logical problems. The distinction between the logical abilities

possessed by children at different stages of development has impor-
tant ramifications for education. In fact, it is these digtinctions
which lie at the heart of the potential contributions of Piaget's
theory for educa@ion in general (e.g., Ault, 1977; Elkind, 1976;
Furth, 1970; Mooper, 1968; Schwebel & Raph, 1973; Sigel, 1969;
Wadsworth, 1978; and Hooper & DeFrain, Note 1) and for mathematics

instruction in particular (e.g., B&ili

73, 1976; Copeland, 1974;
Lovell, 1966, 1972; Smock, 1973, 1978; Steffe, 1976; and Steffe &

Smock, 1975). Most of these atpémpts to dfaw implications from

b
"
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Piagetian theory for eduiftional practice rest on the assumption
under iﬁvestigation here: that chil&reﬂii'ability to ;earn math-
ematical concepts is influenced by their logical reasoning abilities.
Piaget's theory focuses on the logical thought abilities which
are required to solve a variety of tssks. Despite the fact that
many Piagetian tasks are mathematically related, it is not clear
in what wéy the mental abilities he identified are required or
involved in splving school mathgmatics problems. For exnéple,.at .
certain levels of development children fail to counserve and fail
to use transitive infetence._ But little is known about how the
development of these abilities influence children's learning of
related mathematical concepts or operations. From a.logical,
adult perspective, the absence of these abilities would seeﬁ to
1limit children's ability to learn certain mathematical,concegfs.
However there is ample evidence that ehildrén who are preoperational
in Piagetian terms can successfully leara and ;pply a variety of
mumber, measurement, and geometric concepts and skills (see
Carpenter, in press-a).
In order to carefully investigate the effect of several ,
Plagetian constructs-on children's ability to learn mathematical
concepts,lthis study examined the relationship between length

conservation and length transitivity and children’s ability to

leary several basic concepts of linear measurement. From a logical

v
.
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perspective, conservation and ttansicivity asre prerequisites

for measurement. It is difffcult to see how lengths of objhcts

‘can be meaningfully compared or measured if it is believed that

. R |
. simply moving an object, or aktering its path, will change its size. -

According to Piaget, Inhelder, and Szeminsks (1960), the absence
of conservatinn'pieclu&es measurement, ''Underlying all measurement
is the notion that an object remains constant in ﬂiz; théoushput
anﬁ cﬁange in position " qp. 90), Treasitive reasoning 1s also

logically required to measure. All ?ndirect comparisons, as well
/

. as unit measurement, require transitive inferences between
O -

equaliries or order relationms (see<Steffe k Hirstein, 1976).
Clearly the ability to conserve length‘and reason transitively
should affect the kinds of measurement concepts and skills )
children are able to learm.

Information grecessing-cagacitz. A well documented principle
that has emerged from the study of cognitive development is that
young children have a limited capsciéé to deal simultaneously with
several pieces of information (Case, 1978a). Imstructional tasks
requige children to receive, encode, and integrate a gercain amount
of information. In many cases, children may posséss'all of the
skills presumed to be prérequisites for a.particula; task and still

fail the task. The reason for this failure may be children's

restricted capacity to deal with sll of the incoming information

Mg
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and their limited ability to integrate thg skills which they
possess {Case, 197%). | i
Within a gathematical context, Carpenter (1976, in press-a)
and Carpenter and Osborne (1976) suggést that children's difficulty
s in learning particular concepts may result from excessive infor-
mation processing demands of the task rather than the absence of
logical reasoning abilities. In fact, after reviewing a number
of studies on the acquisition of measurement skills, Carpenter
(1976) concludes that the variation in children's performance
‘ on measurement tasks could potentially be attributed to information

* &

ﬁfacessing variables. | |
Pascual-Leone (1970, 1976) has proposed a theory of cagnitive .

development which focuses on the capacity fof processing and

integrating information. A central construct of the theory 1s

the limitation associated with the working memory or "M-space"

of the cognitive system. It is this'camﬁénent which functions

as the information processor, whether the informatign comes from

the externél environmeﬂt or is accessed from long-term memory.

' where discrete chunks

The size of this processor or "M-space,’
of information are integrated, is considered to be the key'inéredient
in intellectual development. The basic intellectual limitatidhlis
the number of schemes or bits of information which can be handled

gimul taneously-—a capacity that increases regularly with age.

20
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Th%? mental capacity is hypothesized to increase at the rate of
one scheme every two years from the preoperational stage (3-4
years) until thgnlaqe formal operational stage (15-16 years).
_Comsequently, “;ﬁy general stage of cognitive development could
in principle have one qgmetical characteristic: the number of
separate schemes (i.e., separate chunks of information)—un'whieﬁ
the subject can operate simultan;cusly using his mental structures”
(Pascual-Leone, 1970, p. 302).
® pagcual-Leone's th‘eory suggests some possible ways

to relate children's developmental abilities to their learning
pa:entidi‘in {nstructional situations. Since much inStruction *
requires students to fntegrate a number of concepts or skills,
information processing capacity or M-space may provide a measure
of individual children's ability to benefit from a particular
instruction lesson. If the number of elements to be integrated
is beyond the capacity of the student, learning will presumably
not occur. F

The present study examined the effect of this capacity on
children's mathematics’ learning. A backward digit span test was
used to measure information processing capacity or M-space. This
task has been shown to have a high dégree of predictive validity

ip certain instructional settings (Case, 1974a, 1977).

4
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pescription of the Study

The preéent study was designed to measure the effects of
specific cognitive abilities om learning logically related
mithematics‘cnncepts. Whereas'previous work considered only
glébal relationships between these phenonmena, thisrstudy inves-
tigated the effect of specific logical reasoning abilities and
an iqsarmation processing capacity on children's ability to learm
linear méasurement concepts and skills.

Instruction Content. Mathematics content was selected which

is logically related to the developmental reasoning abilities.

- Since ¥Finear meassrement is slccely tied te kength conservatdom

agd length transitivity, several fundamental principles of linear
meaéurement were cho;en for the:instruction sequence. In order
to fdentify aﬁd sequence the instruction objectives the "basic
ccncepts.of.linearlmeasurement vere analyzéd from a psychological
perspective. This a priori, theoretically based&analysis yielded
a framework which {dentified the important measurement concepts
and depicted the felationships between these ccncepts.

For purposes of this study, linear measurement was thought
of as a process of representation. According to Pilaget (Piaget
et al., 1960), children begin measuring by forming concrete
representations of the length attribute of objects.' Lengths

are first represented using continuous materials. Children are

L}
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subsequently able to use a series of diascrete objects to represent
a single length.- Bventually they can {terate units, and, with )
this ability, comes a progression from concrete’ to sypbolic rep-
regentation. Children can now represent lengths numerically by
counting units. FPigure 1 outlines this progression by ideatifying
two dimensions of the'representatinn process. One is the move
from concrete to symbolic forms of representation; the other is -
the progression from continuous to discrete to unit iteration as
the method of representation. The instruction lessons in this
study moved from continuous representation of length to unit
{teration and finally tp a consideration pf the inverse or multi-
plicative relatiogehip between unit size and unit numbei.

Although the content of instruction in this study was linear
measurement, other mathematical concepts could have been selected
to #tudy the effect.of cognitive developmant'an children's
ability to learn mathematics in am instructional situatiomn.

Linear measurement was chaseg for several reasons. First, since
this study represents an 1ni;ia1 inquiry into this queq;ion, a
topic was selected which would maximize the possibility of re~

lating developmental variables to learning patterms during

instruction. Several Piagetian concepts, such as length conserva-

tion and length transitivity, are logically tied to linear measure-

ment operations, Consequently an instruction sequence on linesr
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measurement seems especially likely ss a context in which the
hypothesized importance of the developmental factors could be
detected.

In order to maximize the possibility of uncovering these
relationships it was also necessary to select content which was
not confounded with previous school instruction. In most school
programs first-grade children are less 11::1y to have received
fpstruction in linear measurement than in beginning arithmetic
topics. This means that a sample of first-grade children could
be selected who had not yet been exposed to the basic skills

*nnd-céﬁcegts of me?::;ement. | T -

A third resson for selecting measurement as the instructional
content was that measurement represents a fundamental concept in
elementsry school mathematfcs. Much of early school mathematics |
can be generated from work with measurement (Romberg, Harvey,
Moser,& Montgomery, 1974, 1975, 1976; Van Wagenen, Flora, &
Walker, 1976). In spite of this fact, little is kanown about how
children learn to measure. While prenumerical measurewent has
received considerable attention, the processes by éhich children
begin‘to assign numbers to measured objects haveenot been carefully
étudied (Carpenter, 1976). What is needed at this point is an

investigation into how children make use of premeasurement notions

to learn measurement concepts (Carpenter & Osborme, 1876).

™
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Sample and Instruction Procedures. The empirical procedures

of this stud, can be partitioned into three major components:
sample selection, instruction, and assessment. Each of these will
be briefly described. The s§pp1e consists of 32 first-grade
subjects who were selected according to two criteria: 1) to
include children of different developmental levels with respect-
to length conservatibn/length transitivity and M-space, and

2) to egcludé children who already had some knowledge of the
measurement concepts on which instruction was given. The first
criterion permitted investigation of the effects of the cognitive
abilitigs on cﬂildren'; iearhing pérformance. and’ the second
criterion served in part to equate childrenm in the sample on
initial knowledge and to ensure that all c;ildrenhgoulg potentially
demonstrate improved performance as a result of instrucl.on. The
sample contained an equal number of subjects in each cel of a

2 X 2 matrix of high/low logical reasoning abiiity by high/low
M-gpace.

| After the sample was selecged in accordance with these
criterié, instructicn was provided on several concepts and;skills
of linear measurement. Children were instructed individually and
were actively engaged in measuringéby representing, comparing,
and constructing various lengths. 1In addition, they were asked

to recognize and resolve the conflict introdyced by a discrepant
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measurement strategy.esed by the instructor. After the child
eompleted the task {eerrettly or incorrectly), the instructor
" measured in s different way and arrived at’'a different answer
in order to produce some eenflict whieh the child was asked to
resolve. Cognitive conflict has‘lang been recognized as a powerful
motivating foree in-behaxipr_(Festinget‘ 1957) and is generally
acknowledged to be e‘potent learning meehsniem.iGinsbetg &
Knalewski 1976). One reason for its inclusion in these lessons
was to maximizo thn beneficial effects of {astruction. |

Built intc each lesson were several assessment tasks. Thus,’
children's ability to learn the measurement concepts was evaluated
as part of the instruction lessons. This allowed 3 contin&tus
monitoring of the children's progress and anvassessment of the
effect of ea;% iestructienal episode on the relevant measurement
concept or skill. The relationship of these assessments to the
children's level of cognitive development was described both
stetietically and anecdotally., # couplete description of the
procedures is given in Chapter IV, and the perticular analyses
whtch were csrried out are detailed in Chapter V.

Questions of Peterest. The primary purpose of this study

-~

was to examine the effect of several cognitive development variables
on children's ability to learn mgasurement oQncepts. An in-depth

analysis of the measurement concepts in terms of the eognitive
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abilities réquired to learn thgm led to several research
hypotheses. ;n general), the hypotheses predicted between-group
d@fferences on some measurement tasks and nbt on others. The
‘logieel analyses indicated that some gasks placed heavy demands
.on cartain cognitive abilities, while others did not. Differences
between ;QS devélopmental groups should appear on those t‘ﬁﬁgg
vhich require the ﬁarticular Qeve}opmen:al ability. With Esspect
to the Piagetian constructs of conéerﬁutinn and transitivity, the

analysis showed that some of the inmstruction tasks are logically

dependent upon these abilities while others are mot; they require

i
.

only a simple ééasurehenc technique. The differences between
preoperationai‘and;0peratidnal children should be'greategf oD
those -tasks which require the application of comservation snd
transitivity principles.- Similarly, not all tasks make equivalent
demands on informatién ;rqcessing capacity. A reasonable hypothesis
was that those tasks which require the integration of several
measurement skills or concepts demand more capacity for solution
than those which focus on a single skill. Therefore the differences
‘between low Eéspace and high M-space children should be greatest

‘on the tasks requiging skill integration. These hypotheses
concerning between-group differences formed the initial questions

of interest in this study, :

One factor which may hélp to explain potential between~group

<8
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— differences is children's ability to recognize and resolve the
coggitive conflict introduced during instruction. This process
may help children reorient their thinking and subsequently
’ improve their unde;st#nding of the measurement’concept. A question
¥ of secondary interest in this study was vhether the recognition
and resolution of eognittve conflict meéiaées t§g :elationship
between developmental level aﬁd ability ta'ben;f;t from instruction.
Aré‘childrgg,at a higher developmental'level able to recognize -
and resolve conflict to a gtéater degree than childreg/at a lower .
ievel, an& does the recognition and resélution of Eonﬁlict result
in 1mprovéé performance on the learning tgskS? These questions
were subjected to empirical test. A precise formulation of the
hypotheses an; a description of the analysis procedures is given
in Chapter IV.
In order to move beyond the determination of stséistically
significant group differences, the‘final area of interest
focused on the description of processes which children use to
complete the measurement tasks. A detailed description of these
processes may begin to uncover some important differences in
.. . solution strategies which are available to childrern at different ‘
developmentﬁl levels; For exanple, Pisgetia; operational children

sre theoretically able to draw upon a qualitatively superior

set of mental operations to Jeal with problem-solving situations.

%
2
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;n this study, children's ability to conserve length and reason
transitively should affect the processes they use to solve

8 _ linear measurement iasks. Descriptive analyses were carried out o
to 1) characterize the processes used by children at different = = 7
developmental levels, and 2) characterize the processes used to
solve pa:ticular‘tasks which differed in thé demands they made . .

4-onldevelopmental abilitieq. The intent of these analyses was

not only to determine if developmental level makes a differ;nce“
in what was learned, but also to provide information on how or
in what way the developmental capabilities manifested themselves
in the learning process.

Rationale and Significance

The significance of this study is best understood if it
is viewed within the context of a "linkingﬂscience" between
psychology and education. History has recorded a continuing
debate about the effect which psycholbgical theory and research
can or should have on education. In an effort to desl systemati-
cally with this issue, Glaser (1976) récently revived ?euey's
(1900) concern for a linking sciePce'betveen the two disciplines.
Glaser argues that the application of descriptive psychological
research to prescriptive educational practice cannot rest with
the sporadic interests of fndividuasl psychologists (e.g., Brunmer,

1966; Gagné, 1974, 1977; Skinner, 1968; Thorndike, 1922). If

CA’.
q’.
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cognitid!~%sycholagy is going to contribute to instructisnul
prugrlms.ma linking science must be established to deal in a
systenntfc and cumulatiye way with the potential fmplications
of psychological theory and research fox education. )
Within the area of mathematics education, Carpenter (in:

press-s, in press-b) supports this view in outlining areas of

needed research in mathematics education. Carpenter argues that

the unique contributianiéfrnathematics educators vis-a-vis
psychologists lies in tﬁ& construction of & linking science
between cognitive psychoi?gyuand instructional practice in
mathematics. Whereas psy;hclogical research is only incidentally
concerned with learning ané\teaching school mathematics, research

3

in mathemstics education shduld be aimed directly at significant
v :
. \ .
problems in mathematics instguetion. Ceneral questions of
learning and development‘shou;d be recast into specific questions

about relationships between p#rticular developmental variables

and learning schoolagathematiéf caﬁtent. Furthermore, research

should focus on the agglicatioﬁ of current theories of cognition

and development to educational{@ractice. Rather than testing

and extending psychclogicgl the&ries.'mathematics educators

should concern themselves with establishing links between

existing theories and the learning or te#ching of school mathematics.

How does one build a linking science between psychology and
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;ﬁication? Speaking in a more general context, Popper (1963)
aeicribed the proc?ss of building sciences as one of testing
'éiiltins theories, traditions or "myths.” Where comprehensive
theories have not been established, traditions serve the same
function; .A science is grad;ally constructed as traditional
notions are scientific#lly scrutinized gnd subsequently altered
or refined. Sinﬁe no comprehensive theory exists which outlines
the psychalag£E31 implications for eduéation in general, or fﬁr
msthematics education in particular, the construction of ;
1inking science will depeﬁd, at least in part, onltestins .
E ' traditions. |

The significance of this particular study rests wvith the
specific tradition under investigatioa. A widely accepted and
poténtially useful belief, which currently holds the status
of a tradition in Popper's terms, is that children’s level of
cognitive development influences their aﬁilitﬁ‘to le;rn wmath~
emstics through instruction. Pﬁesumnbly, the rate and course
of development are not readily altered by 1nstruction.. Qual-~
{itatively different mentsl processes are available to children
at different levels of develbpme#t. Earlier processes are less .
couplete than latef ones. Furthermore, earlier levels of develnp-‘
ment impose certain ;}mits,on children's capacity to deal with

all of the required informatfon in instructional situations.
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Level of cognitive development therefcre'desqribei fundamental Lo

S " 4ndividual differences between children at a given ﬁoint in -
time. The tradition suggesis thai_these ;ndividual differences
between children can be partially ;ccounted for, and taken advan-
tage.ef, by providing instrucgional taske which are appropriate ;

. for each child's level of development. |
If the tradition survives scientific test it would have

significant cdnseq&ences for {nstruction since it would provide

a criterion on which to individualize mathematics content. Some

form of individualized instr&étio; i{s the ultimate goal of many

{nstructional models (Klausmeier, Rossmiller, & Saily, 1977).

The intenﬁuof individualized programs %s to provide different

children with different types of instrﬁctipnél tasks or a different

rate of inst:ﬁc:ion to maximizé its potential benefit for each

child. The assumption of these programs is that it is possible

to 1) identify cha;acgéristics of children which affect their

ability to profit from instruction; 2) analyze instructiomal

tasks in terms of these characteristics; and 3) design instruction

go that each child receives appropriate tasks in terms of these

. ' characteristics.

R Traditionally, the student characteristics on which instruction
has been individualized have been global measures like 1Q or

chronological age. True ipdividuslization needs to be based on

’

-
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a much more detailed analysis of children's intellectyal
abilities and the relatiunship between these abilities aad nchooll‘
learning. whgt is needed at this point for mathematics education
information on the relationship between cognitiée development
abilities and learning mathematics from instruction. The current
study provides this type of information by investigating the .
’effec: of several developmental variables on children's ability
to learn linear measuremenﬁ concepts. \

Scope of the Study

-

The previous‘sections of this chapter have outlined the
nature of this study by describing what the study is; this section
vill provi&e additional focus for the study by describing what
it is not. The purpose of this section is mot to detail all
of the lfﬁitations associated with the methodological procedures--
these will be dealt with in the final chapter, The aim is rather
to characterize the study by-iden:ifyins its conceptual parameters.

This stgdy touches on two major fields of research: cognitive
development and instruction. In order to clarify the nature
of the study.it is important to set its boundaries ;ith respect‘
to each of these fields. First, as described in the preceding .
section, the purpos; of this study was tc establish links or
relationships between cognitive development and,mathen:cics

] learning. It wvas a test of potential implications of cognitive

34
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development for maéhema:ics instruction, noé a validation of
developmental constructs. While the study drew heavily from
several theories of cognitive develepneng in order to identify
relevant cognitive variahles, it d1d not repfesént a test of
the the;ries themselves. What it did represent was a careful
examtnation'of the fundamental contribution which cognitive
development holds for improving mathematigi instruction.

Second, although the study necessarily empléyed an instruction
procedure it was not a study on instruétion. Instructional
variables were not sys:ematically'manipulateé‘and the outcomes
were not explained in terms of these variables. Cnly one
1nstructionalltreatment was used,'nnd it differed in sigaificant
ways from conventionsl classroom instruction and other instructional
treatments., In o&her words, the concern of the study was not
with the differential effects of different instructional strategies.
T§e study focused on the effects of internal iearner characteristics
rather than the effects of extegnsl instruction procedures.

The general view of instruction adopted in this study is
consistent with this emphasis. It is believed that the effects
of instruction are mediated in a substantive way by the cognitive
p:aé;sses of the learner. Consequently, an understanding of the
1nstr§ctienal process begins with & diagnosis of relevant ienrner

characteristics. As Wittrock (1978) has outlired in his cognitive

o
(4]
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model of instruction, individual differencés among learners are
inportant in the study of learning froa fastruction, especially
the individual differences in cognitive develipnentnl abilities.
It was assumed in this study that aq_exmnination of the ways in
wvhich children with different caﬁnitive characteristics respond
te instruction will contribute to an understanding of the instruc-
tion/learning process. - ’ ‘ +

It is acknowledged thaf the study considered only one of
the many components of an 1nstructional sg;ua:ion. Carroll (1963)
proposéd a scho§1 learning model with five indepéndent components.
The present study investigated an asrect of one of these-appro-‘
priateness of the task as a part of the more general notion of
quality of instructionm. Other important components, such as time
allowed to learn the task, were cont%olled rather than systemati~
cally investigsted. Changes in these variables may have produced
different perforﬁance levels. Nevertheless, the argument advanced
here is that the nature of the task does represent a key ingredient
in insg;uction; and, given an imstruction procedure, the qu;stion
is whether, and in what way, the &evelopmen:al abilities of the
learner determine its appropriateness. How do cognitive develop-
mental characteristics affect the child's ability to leara certsin
mathematics content in a particular inmstruction ;ituation? The

relationship or link which was examined in this study can therefore
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be more specifically jdentified as a link between cognitive
development and jnstructionsl content. Carpeanter (in press—a)
has proposed that this represents cne of the most productive
areas in which to begin establishing Iinks betyeen the chi]ia'a

developmental abilities and learning mathematics through

instruction.
-,
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Chapter Il ‘ .
THEORETICAL BACKGROUND

Introduction

s

Several theories of cogn{yive deveiopment provide the background 3
for the present stydy. Two of these theories have already been identi- ‘
fied and briefly d%scgssed in Chapter I, Piasget's theory ;nd the infor-»
mation processing theory of Pascual-Leome, Two additional theories,
Vygétsky‘s theory of development and the learning theory of Gagné, are
also relevant for this study. All four theories directly address the
general theoretical notion which underlies this investigation ~; the
tela:ionship between development and learming. 1In Qhat way does devel-
opunent constrain, or facilitste, leatning? How do the cognitive abil-
ities which emerge with developument iﬁpinge upon 3 child's learning
potential during instruction? These are the questions which provide
the focus for this investigatiom; and it is the theoretical statements
regarding these questions which are of primary interest. This chapter .
will review aspects of each of the four theories which relate to the
questions of learning versus development.

The present study aid not represent a test of the theories them- .
selves. However, it did investigate the potential implications of
severalconst#uctscf these theories for mathematics education® This
study drew héavily on these theories in terms of selecting measures
of cognitive,development, planning {nstruction procedures, interpret-

ing results, and soliciting general theoretical support for the type of

study conducted here. Consequently, a review of the relevant parts

of these theories is important for understanding the nature and origins
J8

.
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of the theoretical constructs employed in this study. .The pgrpnsé
of this chapter is to provide such a review by characterizing the
general notions of learning and development and then briefly describ-
ing how eachtof the‘four theories views these two concepts. Along
with the description will be a raﬁiensle for including each theory,
1.e7, a discussion of how each theory contributes to the current

" study. .

Development and Learning

The terms "development" and "learning“ elude meaningful,
unive£331 definition. It is difficul® to characterize these
notions in ways which are acceptable to all four of the theories
identified above. The problem is that the theogies are based on
different assumptions, arise from different world views or paradigms,
and consequently define basic terms like development and learning
in different ways. These definitions are {nternally meaningful
but are unacceptable te theories based on other assumptions.

A useful distinction bétween two radically different world
views and their categorically-determined theories of development
has been proposed by Reese and Overton (1970). One is based on
the organismic model and is represented by the theories of Piaget
and VygotsEF; the other is based on tgg*g;:hanistic (or machine)
model and is represeﬂéed by Gagné's thed;§. Organismic theories
believe that it 1is useful to distinguish between development and

"learning. While both processes involve changes over time, they

are characteri;ed in fundamentally different ways. Development, which

L 79
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is the major concern of these theoriek, is generally regarded'an
p .
"y sequential set of changes in the system, yielding relatively -

permanent Put novel increments not only in its structure but in its
modes of operation as well" (Nagel, 1957, p. }7). Deve’opment is
therefore seen to have.sn effect on the intermal structure of |

the cognitive system fesulting in qualitative, as vell as qu;ﬁti—
tative, behavioral changes. Furthermore, genuine, developmental

" events are considergd to be those which are univérsal_acros;
individuals and across situations (thlwiii, 1970a). Changes éﬁich_
are the resylt of specific experiences or which show up only 5\7 |
in certain individuals do not qualfg;/;s de#élupmental. Development‘
mist therefore be Qieweé as a broad-based process of change which |
cannot be accounted for by particular ant;cedeq; .condit{ons.

Learning, on the atﬁer hand, is thought of in terms of changes
occurring undegva relatively defined set of Zonditions, over brief
periods of time, and for which antecedent Conditions'are.thebre:icall?
specifiable. Leargiug #an result from spebifi@, idé&tifiable d
conditions gnd particular learning events can be'limigedf;c certain
individuals. Learning receives much less emphasis than development |
in most organismic ghecrigs. | .
Mechanistic theories, on the other hand, are primarily concerned

with learning. 1In fact many such theofies’define development as

the sigmple accumulation of learning experiences (White, 1570).

Particular learning events occur over relatively brief periods of

~
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s
time snd can de'accounted for by specific nﬁtecedggf' cnpditiens.

L

Development is ther kefiﬁeé to be the sum to:al\of all lgarnins

]

events. In this genée development does not counstitute a phenomens

separate from learnigg, but is ratﬂer subsumed by, or dependent
upon, learning.

In summary, both mechanistic 3;3 organsimic theories ;;ree
that "lesrning" can be thought of in terms of behavioral changes
accﬁrring o;ef relatively short periads of time. The reasons
for these 'changes are theoretically identifiablg. While mechanistic
theories contend that this type of learning potentially accounts.
for &1l changes in human behavior, organismic theories believe
it is more useful to postulate another type of chagge, called
"devefopment,"'éhigh iy observable cnly over longer periods of
time and is not reducible to particular environmental causes.

While there'are'funéameﬂtal differences between these theories
which may be irreconcilable (Reese & Overtonm, 1970), many of the
differenées between the notions of learning and development can
be accounted for by the level of analysis of behavior change
wvhich is adopted (Wohlwill, 1973). Learning is studied using a
microycapig level of analysis to observe changes occurriné under
a defined set of conditions and over brief periods of time (e.g.,
minutes, hours, days). “In contrast the study of development requires
& macroscopic approach where changes are observed (or inferred)
in more natural settings and over longer tiﬁe periods (e.g., "’

months, years?.

.
*r4
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. The current_study investigated learning and the effects of
development on learning, rather than develoﬁﬁent itself. Consequently,
the study employed a microscopic level of .;nalysis.v dor tt;is
‘reason it wés;.imébfién_ﬁ- to consider the learning principles
proposed by those (mechanistic) theories vhich focus on the learning
process. Cagné's (1974, 15??) theory of lezrning was selected
for this study because of its frequent application to imstructional
settings. It was also important to consider the degelopmengal
constructs relevant to learning proposed by t?ose (orgsnisgic)
theories which focus on the developmental process. For reasons to
bé‘outlined below._thnee orgamismic theories of cognitive development

L

were selecte% for review: Piaget*s; Pascual-Leone's and Vygotsky's.
The remainder of this chapter will briefly p;esent the position

of Gagné's learning éheory, and each of the three developmental
theories, on the question of lgsrning versus development. It

will describe how constructs from each theory were incorporated

in the study. ¢ ,

Piaget’s Theory

¢

For Piaget (1964, 1970, 1974), as for most Organismisfs,
there is & clear distinction between learning aﬁd develoémenﬁ.
Cognitive develogment is a8 spontaneous Process embedd;d %n the
context of a developing human system. The develaﬁment of cegnitioﬁ |
is inseparable from the growth of biological and psychalogical
faculties. It is a broad-based §rocess, generalizing to a’vidé

variety of specific situations.

~
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Learning, on the other hand, is a limited process. It
occurs when provoked by specific external situations (e.g., &

didacvic point made by an educational experimenter). It is not

1 4

widely generalizable but.is usually restricted to a single problem

or concept. This is not to minimize the importance of "iearning“
since it constitutes an essential part of the educational ﬁ;ocesa
(Piaget, 1971b). However, these descriptions éortend Pir~et's view
on the relationship between these two notions.

His position is summarized in the following stateﬁentﬁ
" think that development explains learning, and this opinion is
contrayy to the widely held opinion that development is a sum
&;PEEEZrete learning experiences." (Fiaget, 1964, p. 176); The
phrase "development explains learning”" is more significant and

loaded with meaning than it might appear at first glsnce. It

implies that the outcome of a learning experience is accounted for

by develcpmental capabilities. That is, leamming potential is

defined (or explained) by developmental capacity.

This idea can be clarified by placing'it within the context
of the Piagetian notions of assimilation and accommodation. For
Piaget, deveiopment is motivated and controlled by the dynamic

tension between these two ubiquitous processes. Simply described,

Ly
assimilation is the incorporation of extermal stimulil into existing

mental structures. Often, if wnot always, the external stimuli need

* t
to be modified in order to "make sense," or to "fit" the internal L\
mental structues, and thereby become assimi%ated. Accommodation is I

/
¢ —



B U I S SOTY . TCR LIRS FURSTRIN NIRRT PR b UK SIS ¢ SR R B S ARENTAL TS U R PP S S A A S AL AT SRR
' ]

e .

f. Cw
the‘complenentary process wh;cb involves the modificstion of mental .
structures to bring them “ié line" with exteryal reality.

hﬁuseful, although oversimplified, picture of the interplay of
these two processes is the following. Accommodation interjects a
qualitatively new men;al operation into the cognitive reperteire.
Assimilation utilizes this operation in an ever-extending variety
of situations to internalize incoming information. This operation
becomes inadequate (i.e., it unable to make sense out of some
novel stimulus) and mental restructuring (acéommoda:ien) cCCurs,
generating a higher-order mental operation. In cyclic fashion
this pattern repeats itself over and over. This narrative is
oversimplified becsuse it is difficult to isolate a specific
cycle and label the appropriate parts "sssimilation" and "accommoda-
tion." These processes are active on many fronts simultaneously,
and any temporal ordering of them is futile.

KHowever, these concepts are usefu; in interpreting Piaget's
view of dearning and development. Learning involves assimilation
while development consists of the inter-action of assimilation and
accommodation. Since assimilation is dependent on the type of
mental operation which is available, #t follows that learning is
dependent on the developmental stage of the learner. Plaget
describes this situation in the following series of statements.

I shall define sssimilation as the integration of any sort

of reality into s structure, and it ?s this assimilation

which seems to me to be fundamentsl in learning, and which

.

4.4
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" geems to me to be the fundamental relatiom from the poimt®

of view of pedagogical or d%ﬁiétic applications (Piaget,

186G, pa IBSYii o L e e

le learning occurs when the subjeé;s are too young for

there to be & possibility ofkéxtending the zone of

assimilations. . . . A positive effect is obtained-

wvhen the aspects introduced by the trainiagngagsitutc

an assimilatory instrument, but this is also dependent

“on the subjects’ éeveiopmenéal level, 1;e., his

lcompetence. . . the notion of competence has to be

introduced as a precondition for any learning to take

blace (Piaget, 1974, pp. xii-xiii).

Ans discussion of Piaget's views on learning and development
would be incomplete without .a description of)the distinctions
P{aget mskes between different types of learning or kuowing.

. These distinctions are important both for understanding Pigget's
theoretical pogition and for spplying the theory to an instructional .
context (Smock:;1976). Furthermore, it is these distinctions

between qualitatively different kinds of learning which provide

such a marked contrast between Plaget's theory and many well-known
learning theories. PiagetAmakes two types of distinctions, one
between operative learning and figurative learning, and another

between logical-mathematical knowledge and physical knowledge.

These two distinctions are closely related (i.e., operative learning

-
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usually involves logical-mathematical knowledge) but they are not .

SYNOnymous. ‘ LY
+The distinction between operative and figurative learning is . ”
a distinction bétween logieglly-hased learning and empi;ically- .
based learning (Smock, 1976). It is a distinctin§ between learning .
nbéut transformatfons and learning about states (Piaget, 1975);
It is a distinction between 1esrﬁins based on the generaiizable
aspect or "form” of an aétivity and learning based on the particular
aspect or "content" of an activity (Furth, 1969). ;Jperative
learning generalizes across content, transfers to reisted problems,
is invariably stable (i.e., is not based on recall), and is resistant
to extinction; figurative learning is cqntent*specific, is subject
to nemory loss, and is sﬁséeptihle to counter-suggestion.
All learning follows the laws of development (Piaget, 19643, -
but different types of learning "follow development" in different
vays, Both figurative and operative learning follow development
in the sense that both have developmental prerequisites. However,
even here there is a difference. The developmental prerequisites
for figurative learning (e.g., perception and Qem;}y) sre‘already
present at an early age, while those for ape:at1§e learning (e.g.,
logical o?erations)‘cOntinue to develop throughout childhood and
adolescence (Furth, 1969), and are in fact the hallmarks of Piaget's
developmental stages. In addition, operative Iearnins follows

developnment in the sense that it proceeds by the same laws or

mechanisms which guide development. According to Piaget, the primary

- e,
.-

-
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sechanisa in both cases is equilibration, the dynauic balance
betwﬁnna::imilgtian and sééannndation achieved by the recoguition

and t;sélution of cogaitive‘eanflict. Oparative learning, therefore,
depends upon developmental abil;ties for its occurrence and progresses )
via developmental mechanisms. In many cases it is meaningiess to
distinguish this type of learning from development itself (Furth,

1969).

« r\ ‘

‘A :ecégd distinction made by Plaget, vhich_cerreaponds closely
to the first, iz between logical-mathesatical knowledge and physical
knowledge. The first results from acting om objects and discovering
properties of the actions; the second results from acting on objects
and discovering prcpérties of the objects (Plaget, 1970). The
first arises from deduction and is verifisble by logical reaaoninsé
the second arises from induction and is verifiable by empirical’
test (Beilin, 1976). While iogical~maﬁhenaticnl knowledge is
generated by internal mental processes, physie;l'knowladge is
achieved by direct contact with the external enQironment via one
of the five senses (Steffe, 1976).

Applied to the present study, Piaget's theory on learning
:ﬁd developmeﬁt, and his distinctions between figurative and operative
learning and between logical-mathematical and physical knowledge
have several signifivant implicstions. Mrst, the theory clearly
implies that the developmental level of children constrains
their ability to benefit from an instructional lessom. Several

Pixgetian measures of cognitive development which are Iogically



related to linear measurement wers jncluded in this study to
assess the effect of d-vcloﬁnent on lesarning measurement concepts.
Second, the distinctions between the different types of learning
and/or knowledge suggest that the different measurement tasks
nay réqnifg different types of learning and may therefore be
differentially affected by the deavelopmental variables. Soms
of the tasks may require aniy'figurativa learning or physical
knowledge and may therefore be accessible to n;ny'praopet:tional
children. Other tasks may involve Iogical-mathgmnti;al knowledge
and require operative learning, Th;sa tasks would be mastered
only by concrete operational children sinée it is these children
who have attained the logical operations which are theoretically
required to achieve operationsl measurement. The geisureaent
taéks were analyzed to differentiste tho.e based ;n physical
knowledge from those based on logical-mathematical knowledge.
Finally, according to Piaget's\theory. operative learning is
motivated by equilibration, or the resclution of cognitive cngflict
(Piaﬁet, 1971s). This mechaniém is believed to be responsible
for the acquisiticn of all logical-mathematical concepts: A
learning procedure based on this mechanism has been successfully
smployed by the Genevans in their studies on learning and develop-
ment (Inhelder, Sinclair, & ﬁovec, 1974). The effectiveness of
this procedure as a learning mechanism in measurement contexts
has been recently demonstrated (Carpenter & Hiebert, Note 2).

The present study made use of this theoretical construct by

a
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designing instruction ;;::g\intruduccd conflict into the lesr;ing
situation., The expér;uen:cr posed solutions to the ;nasurlscnt
Pt°bl!$!hﬂhiﬁhﬂéiiferﬁdwfxnm_ﬁhghchildilt.nndm:hn.cﬁildmwan_;akgd o
to explain the difference between the solutions in terms of the

measurement principles involved. The alternate solutions provided

A}
A}
-

by the experimenter differed along dimensions which wers found
1n'piloc work to have a high level of appeal or salience for the
children so that genuine conflict was 1nduced. 0f course, according
to Piaget, whether or not children experience some form of cognitive
conflict when it is introduced into the learning situatiocn ig itself

dependent upon their level of coguitive developuent.

Pascual-Leone's Theory

~ .

*A second major theoretical orientation to be considered in
this study emanates from the rapidly expanding field of information
processing psycholo-v. Although there.are substantial differences
between theories, they are all based on the th;sis that the input
to a psychological processing system, which may be external or
internal, provides information that is transformed and acted upon
in & variety of ways demanded by the task. An attempt is made to
account for performance on cognitive tasks in terms of actions
that take place in a temporally ordered flow. Therefore, most
theories characterize mental functions in terms of the way informgiion
is stored, accessed, and operated upon. Mental structures, on the

other hand, are often discussed in terms of an intake register

through which information from the environment enters the system,

i
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a working or short-term memory in which the actual information
processing occurs, and & long-term memory in which all knowledge
is stored. A critical structural componeat of such a system is
its ;;g}t—tera memory. It is critical for two reasons: 1) it
is extremely limited in capacity, and 2) it is tﬁe locus of a1l
processing, whether the information ¢omes from the external
environment or is accessed from long-tern megory.

The {ncreasing capacity of th‘is mrkin/;’/neﬁory, i.e., of t:he‘E
capacity to process information, is a fundshgntal characteristic:
cf erguitive development (Brune;, 1966; Csse;-l9?8c; Flavell, 1971).
Young children are still quite limited in tgeir ability to deal
with all of the information demands of coqplex tasks. This limited
capacity may be a critical develcémental factor which constraias
children's learning in Instructional situationg (Case, 1973, 1978s,
1978b). | v

As described in Chapter I, Pascual-Leocne (1970, 1976) has
proposed a theory which operationalizes the development of this
information processing capacity or 'M-space." Since this capacity
is hypothesized to be the critical factor im cognitive development
and serves to identify developmental différences bécween individusls,
and since the ability to prccégz information may be an important
varisble in instructionsl situations, the comstruct of M-space
holds significant promise for attempts to relate.children‘s

level of development with their ability to profit from instruction.

Pascual-Leone's theory is therefore particularly relevant for the

- 36
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present study. .

Pascual-Leone's view of the relationship between learning and ‘ -
development is similar to Piaget's. "Not only can intelligence B ——
not be reduced to learning, but patterns of learning and the ceiling

. gf learning achievements are a function of the subject's intellectual
levels" (Pascual-Leone, Note 3, p. 3). According to Pascual-Leone,
learning is a change in behavior resulting from factors dhich are
extrinsic te the psychological system, Within the theory, learming
is seen to produce a change in the repertoire of schemes (intermally
represented behavioral units or patterns) available to the subject.
Since M-space is of limited capacity, tﬁe nunber of information
chunks which can be coordinated to produce a8 new scheme is limited,
and therefore the complexity of learned schemes is ;lso limited.

In this way the processes of learning are constrained by the
developing psychologicsl system.

Pascual-Leone's theory provides a& potentially useful counter-
part to Piaget's theory of development. Piaget emphasizes the
structural aspects of development and suggests 'that learning
- through instruction depends upon the presence of internal logicall
operations. Pascual-Leone, on the other hand, is concerned with
the functional a;pects of development and the temporal mental

processing of information; learning through instruction depends

- on the child's capacity to process all of the essential incoming
information. The cémplementary relationship between these theories
has slready been empirically demonstrated. Information pfocessing

Q 51
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variables have been shown to account for much of the performance

varistion often found on Plagetian tasks (Baylor & Gascon, 1974&; v

Baylor & LeMoyne, 1975; Case, 1?7454uﬁanilton~&-haun:?;*19?§: C e e e
Hamilten & Moss, 1974; Parkinson, 1975; Scardamalia, 1977). ' %
This study will include a measure of information processing capacity < .
in afder to test its usefulness as & measure of chiizien's abilicy
to benefit from instruction.

It must be recognized that applications of Pascusl-Leﬁne's
theory to instructional settings are still in an exploratory stage.
Due to the relatively recent formulation of the theory itself,
its implications for education haﬁe not been clearly delineated
or tested. Several remaining probiems prevent a definitive .
investigation of the role of M-space in instructional situations.
The major problem faced by this study is the following. In order
to generate hypotheses about children's performance on specific
tasks, both the infrrmation processing capacity (M-space) of the ‘-
child and the information processing demands of the task must
be kunown, The first is relatively straightforward since measures
of M-space have been developed. But the second is more problematic. *
Analysis of the task in terms of its inf{ormation processing desands
must be carried out from the child's point of view. "The n;thrsl
units into which the learner analyzes the task should be considered
more important than the a priori units into which a sophisticated

instructor might divide them" (Case, 1975, pp. 84-85). This type

of analysis is particularly difficult siunce different children have

L
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different schemes available in their cognitive repertoires and

hence may approach problems in different ways. "Since M demand is

' defined from the subject's point of vieu, the same task may have

different H‘demsnds for different subjects, depending on the
schemes they bring to the task and on how they chunk the information
preseated to them in the task" (Scardamalia, 1977, p.'29).

To date, most enpirical Qork emanating from Pascual-Leone's
theory has emplayed specially designed novel tasks and a brief
pre-training to ensure that 1) all subjects had similar cognitive
repertoires with respect to the task, and 2) s task a;;lysis was
possible which detailed step-by-step the processes which children
could use to solve the tasks (see, e.g., Case, 1972b, 1974a;
Parkinson, 1975; Scardmalia, 1977).

At this point it is not clear how such a fine-grained
analysis of conventional school mathematics tasks might be carried
out. Consequently the approach taken in this investigation was
the following. First, children were selécted who had a similar
knowledge base with respect to measurement concepts, i.e., who
had g similar set of schemes available for solving measurement
tasks. Second, it was assumed that children would use the
individual skills or concepts they learned during instruction to y
solve the post-instruction task. Since these gkills represent
newly-learned or non-~automsted skills they require some H-sﬁace

for their application. While the instruction focused on a sequence

of individual ski}ls or concepts, the post-instruction task rquired
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the 1ntegr§tiqn of these #kills. Therefore it was assumed that if

1

M-space affects children's ability eé learn about linear uealureﬁnnt. <

this effect would be*most pranounced on the post—instruetion tasks.

Vygitsky s Theogx -

The prohlems encountered in the psychological analysis \

of teaching cannot be corrﬁctly resolved or even formulated

without ad&ressing the rglatién between iesrning'snd | : d
‘develapment'§n school-age children. Yet it is the -
most. unclear of all the basic issues on which the
application of child development theories ta.éducutional

processes depends (Vygotsky, 1978, p. %9).
| Central to Vygotsky's (19u2, 1966, 1978) theory of cognit?ve
development is the relatiénship between learning and developﬁeq;.
Although Vygotsky treated these ﬁerms more in line w1t§~ogganismic
than mechanistic :hearies, he rejected what he considered to be
the two major and ogposing views on the relaticnshié betwéen them.
1he first, which he ascribed to Piaget, says that learning follows
or Iagé‘behind development. Since development has a hesavy matura-
tional component it is not altéréd by learning experiences. Tﬂe
opposite view, which Vygotsky attributed to behaviorist psychology,
séeé learning and development ss'idencicai phenomena. Develapmenct?A -
is only the accumulation of 1earning experiences. . f 
Vygotsky introduces into this polarity of views an alternative
position comprised of several theoretical notions. Two ideas ?ge

. /
especially germane: the "zone of proximal development,” and‘the

distinction between spontaneous and scientific concepts. The zone -

-

24
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;f proximal development is defined by Vygotsky (1978) as “the diltlncé
between the actual develppmental level as determined by independent |
problem ;olviug and the level of potentigl developuent as determined
Ehraugh problem solving un&er.adult guidance‘er in collsboration
with more capable peers" (p. éé). While th; actual developmental
.level describes development which has ;lteady been completed,

the zone of proximal develcpment,cha:ncteriiea‘the development -
which is to come. "What is in the zone of proximal develépment-
today w;ll be the actual developmeﬁtsl level tomorrow" (Vygotsky,
1978, p. 87}; The critical feature of this construct is that the
zone is cre;ted by learning experiences. The actual deﬁéleﬁmental
processes lag behind the lear;ing prucesges and this discrepancy
producés the zome of proximal development. Therefore learning is

-~

believed to lead, rather thag follow, development.

The distinction‘betwaen spontaneous and scientific contepts is
important both for understanding Vygotsky's theory and for applying
the theory to instructional-contexts. Spontaneous concepts are
those which result when the child does the abstyacting; scientific
concepts are those which result when thefabstracting is done by
an sdult who then transmits them to the child, most often by
verbal definition. Spontaneous concepts are drawn from the child's
experience and exist independent of any conceptual #ystem; scientific
concepts always exist as part of a formal Eonceptual system.

Spontaneous concepts are "nonconscious" in that attention is centered

on the object and not on the thought itself; scientific concepts
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are under intellectual control and may themselves be reflected

., A

upon. These distinctions may give the erroneous imp;ession that
tbess types of concepts dévelpp independentiy‘éithogt ;ﬁy cotmon -,‘ 3
ground. The fgct is that in-the interaction of these concepts ' ,’

ihe relationship between learning and development can be seen |

most clearly. Vygotsky suggesc§ that the development of the (/’

spontaneous concepts-proceeds'ppgﬁrd, while the development of/f‘
‘ A Y

~ scientific concepts p:cceéds downward. At the point of'con;éét )

the spontanecus concepts imbue the scientific concepts with ex-

-
LY . -

periential meaning and vitality, while the scientific concepts

provide an organizational framework or system for the spontaneous

-

concepts. Vygotsky proposes that development involves the growth
of spontaneous concepts, and Ieafning tﬁ; growth of scientffic C=

&
concepts.

For Vygotsky, the implicaticn of these two ideas for insgructiﬁh

is clear. ;irst, instruction should be directed toward the zone
of proximal development rather fhan the actual level of.developmeht.
"The only good k#nd of instruction is that which marches ahead
of development and leads it; it mus:.bé aimed not so much at the
ripe as at the ripening functions" (Vygotsky, 1978, p. 104).

¢ : * .
Second, instruction should be directed toward the scientific -
supect of already formed spontaneous éoncepts. It shouid provide
the spcntanéous concepts witguﬁ“formal conceptus syséem¢

Vygotsky often viewed his work in contrast to Piaget's.

He believed that the relaﬁionship betweer school ,learning (or

;df; ‘ _ ‘ -
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instruction}xan& development constituted the basic difference
between the theories. "Our dissgreement with Piaget centers
on—:ggfpoint only, but an impbr:an; point. He assumes that
development #nd instruction are entirely separate, incommensurite
processes” (Vygotsky, 1962, p. 166). It is clear that Vygotsky

-

interprets Piaget as proposing an independent, or more accurately,

‘a unidivectional relationship between 1earning and development.

That is, iearning depends on development but development is not
affected by learning. Therefore. instruction "has no effect

on development. This interpretation could be understoed in two
vays: one in térms of tﬁe rate of development and the other in
terms of the course of development. Althougﬁ Vygotsky implies that
his theory differs fgpm Piaget's on both couﬁts, it appears

tbased on the Cenevans' more recent work) that the theorie: differ
; ' 1

only on the latter, if at all. Due to the date of Vygotsky's
- .
writings, his comments about Piaget's theory are necessarily

based only on Piaget's early work. Therefoxqfhis interpretations

‘_1

Ll e
do not take into account Piaget's distinc;ian between operative -

and figurative learning. The firfst Bas a close and bi-directional
relationship with evelopment (Furth, 1969), while the second has

the unidirectional yelationship suggested by Vygotsky. If instruction

“succeeds in provoking or motivating operative learning it will

necessarily have at least a short term effect on the rate of
‘ . - . 3
development (Inhelder et al., 1974; Sinclair, 193»7 Bogh-gheories
4

agree that the cccurrénce of this typé of learning depends upon

o-7

¥



A . PN e @t VSRR IN e o B O R TNy NN A 1 b R ) Y N R I - 7y ‘ Bty N g o
RO g NIRRT AR e S gL gy e Nl T R g R R

O -

' / T

44 L
A
‘the developmental level already reached by the child. Consider T
the following statements by Vygotsky: ' ‘;
- With assistanc;: every child c;n_do wore than he éan by him- é
gself--though only within the limits set by the state of
his development. . . . It remains necessary to determine | : -
the lowest threshold at;yhich instruction in, say, - ;
arithmetic may begin since a certain minimal ripeness :
of functions is rﬁquireé (Vygotsky, 1962, pp. 103, 104).
A well known and empirically established fact is that
learning should be matched in.:oue manner with the
child's developmental level (Vygotsky, 1978, p. 85).
These comments imply aubsﬁantial agreement with Piaget's ihgory.
Furthermore, the zone of prnximfl development proposed by Vygotsky
corresponds in many ways to the "zone of assimilations" described
by Piaget (1974) aund to his "zone of optimal interest” (Furth,
1969). It appears then that there is substantial agreement between
the theories on the relat‘onship between learging_and development, éﬂ
at least where rate of development is concerned.
wWith respect':o the co&rse of development the matter is -

less clear. 1If Vygotsky believed.that instruction could in fact
s1;:: the course or direction of Fevelapment, then his theory | )
would differ in a fundamental way fram‘giaget‘s. Pinget's theory
depends upon teleological causes to explain development and thus

development is believed to move inexorably through an invariant

lihuence to a predeteruined goal. Imstruction would not alter its

oy
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course. Unfortunately Vygotsky's position on this issue is mot R
~

clear from the translated works so & resolution of this question .

is not poasible,

1‘ Due to the unigque osrientation of:Saviet puycholcsy, and the

T

nxistence of only a-few translated wcrk:, saveral questions ;bout , .

Vygotsky's theory need to be answered before its implications
- . L
for instruction can be tested empirically. Therafdre, its relevance

=

for the present study was not in g:eviding developmental ncnsurnf. - -
prescribins instructional procedures, or sugg%:ting some form . N
 § | | of task analysis. Rather, the usefulness of Vygotsky's cheary
lies in its identification and dﬁséfiption of several important
ideés.c Most relevant for this study is Vyée:sky'a notion of

the zone of ﬁrcximal development. As a description of chil&ren’s .
ability to bénefit from instruction gixen their level of cognitive
development, it is the exact theoretical construct which w;:
investigated here. In many ways this study can be viewed as a
careful, empiriéal examination of the zone of proximal dévelopment.
Vygotsky's theory therefore serves to define and bring into focus

some of the central ideas in this study.

Cagné's Theory

Learning theories based on behavioristic (or mechanistic)
principles have played a major rele in American psychology. The
relationship between learning and development is viewed quite
differently by these theories than by the developuental theories of

- -

Piaget or Pascual-Leone. Ffor Pilaget, learning is a function of
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the cognitive develep-nntal 1cvcl of the child. Host learning ﬁz

tkcoriel. on the other hand, assune thc axistence of skill hierarchiss
lnd\yussest that Iearning is a function of the acquisition of separate
skill\; (Beilin, 1976). Laarning is mt constrained by tha develop-
nantal level of the child, only by the absence of prerequisite o e
lkills. v -
- Thc,th;pry of Cagné (1974,  1977) represents a learning theory
appliied to inétructienil contexts and so‘provided the lgaraing ,
theory model for this investigation. In Gagné's theory, development
is important only because it repre:eﬁta an 1ncreasing accunulation -
of learning experienéés. It is not the developmental level
(in the Piagetian sense) which affects the child's abi}igy *a
master a novelltask, but rather the achie?amggt of esgential
' prerequisite skills. "Developmentaihfcndiness for leérﬂing any
new intellectual skill is conceived as the presence of certain
relevant subardinnée inteliectual nkills“ (Gagﬁé, 1977, p. 145). : J
Consequently, the 1ncreased intellectual power exhibited E! develop~
ing hﬂmln beings results from :he cunullttve effects of Icnrnins.
That is, with the accumulation of learning comes an igcrease in | e
the likelihood that tye‘subordinat; skills for s specific problem |
will already have been mastered.
For Gagné, these cumulative effects of learning do not include
Pualitative changes in the learning processes themselves. . Although

different types of learning sre hypothesized, all higher forms

‘are reducible to combinations of lower forms. Achievement of

,
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the higher forms is again a matter of mastering the. pres uisite
lover forms. Consequently, children's learning in instructional
situations is nof limited by immature or incomplete learning
w o .
processes. \\\ -
Cagné's theory has bLeen widely applied to {nstructional
-ettiﬁgs. Application of his theory h;i been based primarily on
the concept of "learning hierarchy.” Gagué suggests that school
1earni§s‘1s directed toward the ac&uisition of an organized set
of intellectual skills. These skills, he says, are “relsted
to each other in the psychological sense that the learning of
some sre prerequisite to the learning of othera" (Gagne, 1977,

p. 142). This organization of dependency relationships may be
represe#ted as-a learning hie:srchy: -
The learning hierarchy of an instru;;!&igl objective may
be constructed by 1egically S§EI§zing t;e terminal objective in .

terms of what skills are required to reach that_oﬁjective. In
iteracive fashion the question '"what would one have to know to

do that?“ generates a map of the individual skills required for
mastery é&i thefr subordinate/sugerordinate relationships. Moving

from the lower subordinate skills to the higher skills "describes

R R R

an on~the-average efficient route to the attainment of an organized

set of intellectual skills which reprééents 'understanding'
of 8 topic" (Cauné, 1977, p. 143).
The approach of this study was to comtrol for the learuing

- variables §escrtbed by Gagné, rather than to invéétigate'their




Rl 5 S S e Sl R gl § e T R S R e
R ST S AR A S NG e St N B e
' SR citr L % " i i

Sy
wd

‘."‘ ‘ e

"l' :‘ W N =
Gl PRag™.

3
k
te.
L4

-

e ' . &8¢

g
%

S R

importance by systematicaily manipulating them. A logical task

4. "
B EEe

analysis vas carried out for each instructional cbjective. This
specified the\prefequisite skills and bccksrcuhd knovledge required
to master aach objective. A éonosnneous sample was selected with
fespect to prior achievement of these skills.. Assuming én X
appropriate hierarchy akiiis wa:'idintified, differences ¥in
performance over t;zazzgtructional sequence were interpreted to result
from factors other thanm differeace; in pr;tequisite skills or
knowledge. 1If children b;ving a similar knowledge base of linear
measurement differ in their ability to benefit from instruction on
linear measurement, this difference can be attributed to something
other than the presence or absence of prerequisite skills. It might
rather be attributed to differences in c;gnitive developmenésl
abilities. | ‘ ,
Summary o : ) F

The specific purpese of the current study.waé té describe in
detail the effect af several cagnitivg developmental,varisbies
“on children's ability to learn certainvlinea¥ measurement concepts.
Within a broader contéxt, this study cam be viewed as an investigation .
-of the effect of developmegt on learning. The purpose of thig

- chapter was to place the p?esent study in thisllargér context ¢

by review{qg several theoretical positions on the rélstionsbip,:
between learning and development. While many ;hecries address

this issué, the four theories discussed here were selected for

their particular relevance and pciential contribution to the

. | 532
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. present study. ) ‘ .
g Co It must be remembered that this investig‘ation did not t;
represent s test of any of these four theories. 1In fact many of ;«
. the issues discussed in this chgpéer relating to mechanistic/ ¢
) organismic dist:inctiens arise from fundamental assmp:ions and A .
. are not sixbject to emp.‘.:rical test (Reese & Overton, 1970). What
the study did represent, however, was a test of several implications .
.of these theories for mathematics edugation. In particular, it
was a test of the "tradiPion" in the Popperian sense (Popﬁer, 1963) ‘
‘ . that children's level of cognitive dgvelepment affects their
ability to learn mathematics in an instructional context.
-
X4
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Chapter III

REVIEW OF RESEARCH

- ! v
~
. \

Introduction

| In testing several_patential 1inks between dognitive develop~
ment and mathematics content for imstruction, theAcurren: study
lies in the interface between psychology. and education. Conse-
quently 1t relates, at least indirectly, to many areas of relcarch;
fn both of these disciplines. The intent of this chapter is
to review only those studies which gié directly relevant to this
investigation. Four categories of research were iéentified which
provide impostant background information. and which serve to‘sharpen
the focus of this s;udy. Eqpirical studies which fit at least
one of these categories are included for review.

The first categoty.of research to be reviewed consists of
correlational studies which considered the relationship between
cognitive development and mathematics iesrning. Most¢ o} these
studies correlated performance on Piagetian tasks with general
mésséres of mathematics learning, usually school achievement.

The second category of research includes training studies or
teaching experiments which investigated the effect of childr;n's
‘level of cognitive development on theif ability to learn certain
logical or mathemagicsl concepts through instruction. A major

difference between studies in the first category and those in ¢

this category is one of status versus intervention. Whereas

‘ 64
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the corralntional studies related developmental level and mathematics
knovlcdse ot a given point in time, or after a period of snnnral
schaoi instruction, the tr:inins studies included an inxtruction

or training procedure and related the effecty of instruction with
children's initial developmental level. Studies of the second type
provide the most relevant data with regard to the question of |
learning and development, the general issue which underlies

this investigation.

The’:hird and fourth categories of research deal specifically
with measurement concepts. Studies included io the third cacega?y
are those which investigated the re}ttionship between children's
knowledge of fundamental mesasurement canéepts and their level
of development. Like the s:rdies in the first category, these
are primarily stat;s studies. Most employed cross-sectionsal
procedures to reveal significant developmental rel#tionships.

The final category of research is made up of thosé studies which -
were specifically designed to teach concepts of wmeasurement ro
young children. Although some of the studies to be reviewed

here could have been placed in the second category, the&r direct
concern with measurement content justifies tresting them separately.
These studies indicate the types of measurement concepts young
children are able ™o learn through limited but direct instruction.

Jo summarize the outline of this chapter, the first two
sections will review studies which considered the relationships

between developmental abilities and the acquisition of various

('3
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nathematical and logical concepts, ;nd-ths second two sections

‘will look at sinil:r studies which were specifically cancernld o %%
vith measuremant conrcepts. Ih. first and third nec:ians consist of ‘- ?z
status studies while the second and.fourth sections consist of )
intervention studies.. - .;%
Relationship Between Developmental level and Genernl*ﬂaéhematics ' : . "i

Learning

Hany investigators have. taken a rather global approach in
studying the relatienship between cognitive develupnent and lchooi
mathematics learning. A freguent technique is to simply administer
a battery of Pilagetian tasks and a school achievement test,
efther concurrently or several months apart. FPilagetian task
performance is then used as a predictor of present, or future,
learning success. A more specific apprcacb; which ié employed R
by some researchers, is to relate performance on éertain Plagetian
tasks (e.g., number conservation) with achievement in specific
areas of the mathemstics curriculum (e.g., addition and subtraction
problems). Regardless of the'approach, almost all of the studies
in this area have used Piagetian tasks as measures of cognitive
development.

A number of studies have investigated’thg relationship
between Piagetian task performance aﬁéfaéithmeﬁic achievement at

a given péint in time. Kaminsky (1971) gave second- and third-

grade children several FPiagetian tasks, an arithmetic achievenent

(g
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test, and an IQ test.. A lisnificint correlation wvas found
between devclupngntfg_}evcl and arithmetic :chicve:::t, aven with
IQ held constant. Riggs and'ﬁklsgn (1976) used two differest
forms of s length conservation gink with first-grade children.
Half of the chkildren tecetvedﬂa-vctbcl fora of the task, and half
rece{vcd a nonverbal form. Only performance on the verbal task
'uns strongly correlated with aritbmetic achievement scores, and
this.correlation was hisﬁer than that between IQ and arithmetic
achievement. Rnﬁr (1973) sdministered several conservation tasks
an a mathemstics achievement test to third-grade students. Con-

servation performance was significantly related to achievement,

with the highest correlations found for the more advanced conservation

-

tasks. Cathcart (1974) and DeVries (1974) found lesn correlation “a
thaa the previous studies between Piasgetian task performance and
school arithmecic achievement. Cathcart gave second-grade

students an arithmetié achievement test and several conservation
tasks. Significant correlations were found betwe:n these measures
in the second-grade but not in the third-grade. The nonsignificant.
results with the older sample may have been due to ceiliﬁg effects
on the conservation.tasks. The sample in DeVries' (197;) study
consisted of bright, average, and mildly retarded children, ages
S-7 years. All children received ; comprehensive battery of
Piagetian tasks and a standardized achievement test. Correlations

did not reach significance in most areas, with a particularly

low correlation reported between number conservation and the
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arithmetic achievement subtest. Interpretations of +«these results ,f’f:
must be made with some caution due to the unique ‘ém_w,ple which
included mentally retarded subjects.
Several studies ‘have used Piagetian task perfarmanca as a , i
readiness maasure an& have tested 1:3 usefulnals in predicting . . .

learning success over an extended period of time Smith (1974)
compared performance on Piagetiag tasks with traditional indices
(e.g., teacher judgements) for predicting end~cf~the—geaf achieve~
ment. Using first-grade students, Smith found that the best
predictor of arithmetic achievement was performance on the

number component of the Piagetian battery. High correlatious
between Piagetian task performance andxfirst-srade children’s
jater achievement have also been reported by Nelson (1970},

Both a group and an individual test ofgmumber and length conservation
were significantly correlated with an srithmetic achievepent test
given seve;al months later.

Several studies have demonstrated that these positive correla~
tions between Piagetian\Faék performance and later atithm;tic
achievement exist over an extended period of time. For ekimple,
Dimitrovsky and Almy (1975), Dodwell (1961), and Kaufman and
Kaufwman (1972) found that kindergarten children's coqservation
ability was highly correlated with their arithmetic achievement
at the end!of first g;nde; Lunzer,‘Dolan. and Wilk..son (1976)

reported that Piagetian task performance in first grade was a

6N
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good‘predictot of arithmetic achievement in second grade; and
Freybgrg (1966} found that using performance on a Pilagetian
concept test at ages 5-7 sighificantly increaéed the accuracy

of using mental age alone in predicting arithmetic achievegenc

two years later. In an extended longitudinal study,vsearison '

{(1975) followed kindergartén children ov§r4% four-year period

to inéestigace'the telétioﬁship between cense}gation aﬁility in

kindergarten with arithmetic ach}evement’in third grade. Some

: .

of the subjects had been trained to conserve liquid quantity im

kindergarten, some were alréady natural Eqnservers, and some

vere nonconservers {see Bearison, 1969). ‘Results showed that

early spontaneous consérvaticn was significantly correlated with

arithmetic achievement but trained conservation was not. Children

who had been trained to comserve in kindergarten did ndt do bettef;

in third grade arithmetic achievement than their later conserving

peers: Beéfkson (1975) concludes that some benefit results from

being able to assimilate school instruction at a higt r developmental

le%el (as evidenced by the high achievement of the early conservers),

Pt th{s benefit cénnct be induced by early training in specific

develcpmentallconcepts. o
‘A series of investigators have considered the relatiounship

between partjcular developmantal abilities and children'é

facility with specific mathematical skills or concepts. Steffe (1970)

and LeBlanc (Note &) observed first-grade children's addition and

~

gébtraction skills respectively, and their relationship to number

(Y

el

-t



]

- ‘f
56,
conservation ability. Both fouud that conservation performance -
. ' * f .
was a significant predictor of arithmetic skill, with lcw con- f
. ]

servatinﬁ scores associated yith especially poor a:ithme:iﬁ scores. .
LeBlanc also'report;d thgt number conservation was a bettier predictor
of subtraction skill than was IQ. Sohns t1974), on t?e other

HWand, f;und only a few significant.correlations between number
‘coffservation and the subtraction s?ﬁlls of first-, second-, and
thiré-grade children. The fact thégw§6é§e‘significsnt correlations
occurred for only certaiﬁ types of problems suggests that slightly
different skills gs concepts may make different demands on various
develo{m’enzal abilities.

Several studies have considered the reiatianship between
performance on Piaget's class inclusion task and various arithmeti;
abilities. Howlett (1974) tested first-grade children, who had
mastered the relevant nuxber fact ;n verbal and written missing
addend problems. Class inclusion performance was significantly,
relzked to scores on the missing addend test, and evidence from
seversl individual interviews indfcated that children at_differeﬂt
stages of class inclusion sbility used different processes to
solve the problem:. Two investigators found, less of a relat;onship
between class inclusion ability and mathematical concepts. Dodwell
{1962) reported no clear relation between class inclusion and
fundamental number concepts in 5-8 year old children, and Schos

(1974) found no significant correlations between class inclusion

and subtraction abilities of first-, second-, and third-grade children.

.
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Summary. Several conclusions emerge from the studies reviewed

in this section. g;rén, level of cognitive development as measured

~

_ ) T
. . by performance on Piagetian tasks is significantly related to '

&rithmgtic achievement. Thig relationship is maintained even

-

// when IQ is hield constant. Second; developmental level, particularly

conservation ability, is & good predictor of arithmetic achievement

¢ up to ome, two, and even four years later. Developmental level .
is genmerally a better predictor tham IQ, and when used with IQ >

significantly increases the predictability compared with IQ

s ustd alone. Furthermore, the bemefit of early conmservation appears
to be a8 E&uly developﬁentai one, i.e., it cannot be induced by
specific tfa}hing. Third, it is difficult to tease out the

relationships between particular developmental abilitieSén1

N

——

specific mathematical concepts. Although there is some evidence

that ‘number conservation is related to certain arithmetic operations,
#

this relationship may depend upon the particular arithmetic task.

Different tasks may make substantially different demands on

sumber conservation ability. The same thing can apparently be

- |
said for arithmetic operations and class inclusion ability.
- »

The positive correlations.found in most of these studies

indidate 4hat a relationship does exist between level of development

and ability to Eenefit from instructiom, but they provide i{ttlie

~

~

insight into the reason for this relationship(k High correlations

do not imply causal relations. They do not indicate that

developmental abilities are prerequisites for learning arithmetic
-

7]
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concepts. The basic questioﬁ is still whether certain developmental

abilities are required to learn specific mathematical concepts. )

- v .
The studies -to be reviewed in the next section deal with this question

more directly by imstructing children on particular concepts and
relating learning success to initial developmental level.

L] . “

Level of Cognitive Development ar . Learning Through Instruction

The second category of res:arch to be reviewed consists of

trainigé studies or teaching experiments which considered directly

‘ L 2

the effects of children's deveiopmental level on their abiiiﬁy
to learn certain mathematical or logical concepts. Three sub-
categories of research can be identified here. The first two
consist of studies concerned with learning and development in
general, while the third focuses specifically on mathematics
learning. Studies in the first sub-category were conducted within
©a Piaéetian frémgwork and dealt with training children to écquire
lagical concepts which are often considered develcpmental themselves.
These studies are usually discussed within tﬁe Piagetian training
literature and are viewed as attempts to accelerate devélcpmen:.
However their unique feature is their direct concern with the
effect of initial developmental level on iﬁiléren's ability to
wake use of imstruction or training. |

The second sub-category aof reéear;h~£a11$ within an information
processing framework and consists”of a few recent studies which

'have investigated the =ffect of children's information processing

capacity on their ability to learn various skills and concepts.

B 5
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Like those in the firstsub-céfeSOryi these 5tudies were cona&rngd ) &
with ge:ieral questions of learning and development. The difference
e is that in-thésg studies, development was descr&bed in terms of
information processing capacity rather than logical reasoning
ability. Furthermore, while the studies iniéhe first sub-category * *
examined how well children were able to learn certain Piagetian”
concepts, the studies in this sﬁh;;;tegory Eonsidered children's
ability to master specially designed infqrmat?on processing tasks. -
Studies in the thin:l sub-category dealt with the effect of

development oq‘children's abilicy to learn mathemat;CS concepts.
Tﬁése studies differ from the previous ones in %he type of criterias
tasks employed; While many of the studies in the first two sub—

; categories used laboratory type learning tasks, those inm this ‘ .
gsection used tasks drawn from school mathematics curricula.
All of these sfudies were conducted using Piagetian constructs of
development.'

The potential fourth sub-category of research and the remaining

cell of the matrix would ccnsist>of studies which relate information
prccesging capacity to mathematics learning. At present this cell
is empty; no studieé exist which’hgbe carefully examined the effect
of information processing capacity on children's ability to learm
specific mathematical concepts. An important contribution of

- the present stﬁdy is the initial data it provides on this

relationship.

-1
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‘3}333553_P{qgotian concepts, Thq'fnt@ug of thin mection s -
not to review the large ngmheonf training studies which have
attempted to improve children's performance on vagious Piagetian
operations. Reviews of these studies exist elsewhere (see Beilin,
1971; Brainerd, 1973; Strauss, 1372); and as Brainerd (1977)
poiﬁts out, most of these studies provide Iittie valid information
on the relationship between learning and development since masg
do mot assess children's initial developmental level ;gdepeddent of

their performance on the criteria tasks. There is, however, ome-

_ general conclusion which emerges from this research which is

important fgr this study. Training,'of whatever kind,\is not

successful with Qery y;ung cﬁildreg, i.e., a minimum level of
. b A N

development seems to be required for children to benefit from

training. As Beilin (1971) notes éfter a comprehensive review

of tvaining research, "No logical or mathematical learning is like}§

to occur, at least witho&t great difficulty and tenuousness, if

the concepts to be learned are far beyond the aperatgénal levei

of the child's available c&gnitions" {(p.- 117).

Evideﬁce that deve;opmentalplevel significantly affects
learning comes g&om a number of studies which h;ve~in§tructed
childrer of different developmental levels on certain logical
ré;soning tasks. Seversl studies have focused on the ability of
children of different ages to learn fqrmal cpétatioual concepts

(Danner & Day, 1977; Ervin, 1960; Lovell, 1961). The investigators

uniformly found that older children learned more than younger

74
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children, whether age was measured in mental years {Exvin, 1969)
or chrenological vears (Danner & Day, 1977). This was true even
wvhen prerequisitce knawledgé was controlled (Ervin, 1960). Further-~
pore, instruction was found to be of little value for the younger
subjects, presumably becaﬁse théy hadjnnt yet attained a required
level of develnpmenéalkcompetence and did not have avai%ahle the
appropriate‘cognitive operations (Danner & Day, 1977; Lovell, 1961).
Similar conclusions were reached by Voyat (1973) after finding
differential effects of instruction on a concrete operational
concept with children of different developmental levels.
Although it may be safe to conclude from these studies that

children's level of ccgnitivedevelcpmentccnscrainsthei: abiliey

to learn logical concepts, the studies suffer fgom a basic limitation.
Equating development with age means that the concept of development
1s defined ambiguously and developmental level is measured imprecisely.
Different children develop at differegt rates and consequently have
cértain cognitive operaticns available at different ages. The
use of age as a measure of development ignores this {?;t and pfcvides

ittle information on the specific developmental compecegcies which
may affect ghitdren's ability to learn particular logical or
mathematical cuoncepts.

One set of studies which was directed towsard (larifying the

naturé of thesc developmental conmstraints was conducted by the
Genevans (Inhelder et él., 1974). These training studies focused

-

on the mechani:ms responsible for progression from one developmental
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slasé to fhe‘next. Pi;get'sxtheory adggests that the primary
mechanism by which developmen: proceeds is equilibration, or the
resolution of cognitive conflict (Piaéet, 1971a). Children apply
different strategies to salve‘simigif problems, recognize the conflict
of their variOu;-solutions, and sﬁéntangcus;y resolve this conflict
by comstructing nigher-order strétégias. Cognitive conflict is
of ten c;éated‘when an already existiﬁg Aéhtal struccﬁre'is appiied
in a less familiar domain. Theoretically. develcﬁment”constraigs"
this précess by determining the ;vaiiabiiity of meﬁtkl structures
which can operate in novel domains.

The studies reported by;Inhelder et al. (1974) were designed
to investigate this hypothesis by examining how one mental structure
or operation might affect the development of another. One study
has -particular importance for the present investigationm. }n,
this study the authors atﬁeﬁpted to identify the_mechanisms that
lead'to the development of length conservation. The hypothesis
was that, since number conservation is often acquired two to three
years earlier tggn length conservation, development of the latter
could be facilitated by exercises in which numerical opeiations.
could be uée& to evaluaté length.

Working with a sample of number conservers/length non-
conservers, ages five through seven, Inhélder et al. (1974)

presented a series of three length activities. All tasks were

given to all children individuslly during three brief sessionms.

Results onfa length conservaticn posttest showed that most of

- ™
o,
L




the children improved their performance from the pretest. These
results are-interpréted by the Gepevans a&s support for their
beiief that the ;cquisitiqp of one logical concept or operation
depends upon the existence of other related operatiomns. The

tasks in this study were presumed to elicit two types of strategies,

one arising from the child's number comservation ability (an already

acquired operation) and the other from the child's immature concept
of length. These strategies, being incompatible, wereApresumably
resolved by the child during/%he course of the training resulting
in improved length conéervatiog‘performance. The Genevans suggest
that these results show development to be an important precéndition
for learning. ‘

In a re-examination of this question, Carpenter and Hiebert
(Note 2) replicated Inhelder et al.'s (1974) study with several
important modifications: Both number conservers and .umber non-
conservers were included in the sample of kindergarten children.

In addition, an equal number of childrén were randomlyfaﬁffggzz-n\
to one of two treatments. The first trea;ment in;ludeé those tasks\
in which number strategies were frequently.applied, and the second
treatment consisted of the remaininé activities. ‘ansistent with
Inhelder et al.'s (1974) procedure, children were asked to complete
'the tasks but were given no feedback on the correctness of their

solutions. The children who improved their length conservation

performance on the posttest were about equally divided between

-
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number cénservers and nonconservers, and between treatment I
and treatment iI children. Carpester and Hieﬁé;zsconclude that
number oéz:gtions do not play.the critical role described by
the Genevans in acquiring length conservation. Furthermore,
children seemed to benefit from the measurement-like activities
even though they could not conserve length or number. Baseé
on these results the authors concur with Carpenter's (1976;
hypothesis that some children may benefit from instruction in
measurement which appears to be beyn;d their level of cognitivé
development. ‘ f

Summary. The evidence provided by these studies suggests -
that initial developmental level has some effect on children's
ability to acquire a particular i%gical concép; via instruction.
Children at a higher developmental level usualiﬁ benefit more
from the instruction than those at a léwer level, .Huch of the
evidence fog this conclusion, however, comes from studies which
have used gross measures of development such as chromological
age. Consequently it is impossible to isclate the particular
de;elapmental abilities which limit children's performance with
respect to a specific logical concept. Although Inhelder et al.
(1974) defined and measured development more precisely, their
failure to include children of different developmental levels
restricts the generalizability of their results. Furthermore,

the evidence collected by Carpenter and Hiebert {ﬁate 2} suggests

that the explanation provided by the Genevans for developmental

-
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_constraints on lesarning is inadequate. Finally, although developuent
seeus to mske s difference, it is not clear what minimum develop-

mental level is required to bemefit from instruction on a given
concepv. What 1is needgd at this point iﬁ order to clarify these
issues are studies éﬁiéh select a concept for instruction,

identify logically related developmental abilities, and instruct
children of sevensl different levels with respect to these abilities.

The present investigationrepresented a study of this kind.

Information processing capacity and learning potential.

Several studies have recently been conducted to examine the effect
of information.processing capacity on children's learning potential.
Most of these stem from Pascual-Leone's information processing |
theory. The theory postulates &n upper bound on learning established
by the child's present level of development. ‘Learning may
improve performarce on certain”tasks but it 'is theoretically
unable to reméve the basic censtrain& imposed by cognitive devélop-
ment, f.e., limited information processing capacity. Case (1974a)
summarizes this view:
According to Pascual-Leone's neo-Fiagetian theory o%
development, s subject's performance on any given cognitive
task is a function of three parameters: the mental strategy
with which he approaches the task, thé demand which the

strategy puts on his mental capacity‘(its M—demand), and

the mental capacity which he has available (his M-space).
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Specific learning experiences are assumed to be
capable of improving & subject's performance on- h
the task by providing him with a more sophisticated ‘
mental strategy fur executing it, or in certa&ﬁ - |
instances, by decreasing the M-demand of the strategy .
which he applies spontaneously. Bowever, séetific .
learning experiences are assumed to be incapable ]
of increasing the size of a subject's M-space (p. 382).
Studies which have empirically tested these hypotheses have
used specially designed learning tasks fqr wh;ch it was possible
to identify the solution strategies which the subjects had
available and to determine the specific strategy with which
they approached the task. Given this information, along with
the subject's M-space, it is theoretically possible to predict
whether a given child will be able to learn the task in question.
Several studies have used age as a weasure of M-space to
investigate the constraints imposed by this parameter. Parkinsop
(1975) used a specially desigi.cd "Concept Attiinment Scoob Task"
with 5, 7, 9, and 11 year olds. All subjects were trained to .

mastery on the prerequisite skills or component schemes of a
successful solution strategy. The learning task was then presented
as 2 series of trials with feedback provided on tﬂe correctness of
each response. The M-demand of the task was systematically altered
within each age group. Results confirmed that children could

learn to perform successfully only the task forms which had an

-~ P
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M-demand within their range.

Case {1974b) used a version of giaget's\bending rods task
with 6 and 8 year old children. All schewes required for solution,
-exnept one, were assumed to be available to the subjects. This
scheme, & "control of variables" strategy, was tausht‘to half
the subjects of each age. Hypotheses were: 1) 6 yesr olds would '
not wmaster the task since the M-demand of the task; even with all
schemes available, exceeded their M-space; 2) 811 8 yesr olds
who had received training would pdss the task since they had
avsilable ;il required schemes and @ sufficient M-space; 3) some
8 year olds tﬁat had not regeivaﬁ training yﬂuld fail the task
since they lacked a scﬁeme required for solution. The results
confirmed éhese hypotheses. )

\Equating'age with M-space, although tfeoretically appropriate,
is empirically problematic. Recent work {(Lawson, 1976; Carpenter
& Hiebert, Note 5) using other measures of M-space, such as backward
digit span, has shown that M-space is not perfectly predictable
from age. Furthermére, the use of age as a'measure éf M-space
makes- it impossible to check whether specific learning experiences
are, in fact, "incapable of increasing the size of a subject's
M-space" (Case,-197hn, p. 382). It is possible that children's
improved performance on the learning tasks resulted from a
growth in M-space rather than a change in the repertoire of schemes.
Some evidence that the backward digit span task effectively

measures children's lcarning potential has been reported by Case
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(1977). In this study the sample consisted of 5-8 year old
children whose M-space was measured using a backwar& digit span |
task. The learning task;was i%quid quagtity conservation and
the instruction was a cognitive conflict training procedure.

fhe results of the training showed that half of the e;perimental
group and none of the control group improved éﬁeir conservation
perforgance. The improvement was highly correlated with initial
M-space. Case concludes that cognitive canflict pracedures
effectively inauce learning, but this effect is mediated hv
children's M-space, i.e., by their ability to coordinate cues _
and perceive the conflict. .

A number of studies have focused on the other two “parameters"
in Pascual—Leone's‘theory of learning, i.e., on the decrease in
task M-demand which results from learnigg more'efficient solution
strategie;. Case (1974a) pteteéted 6, 8, and 10 year old subjects
o# a specially designed digit placement‘task. By identifying the
solution strategy each subject used and analyzing the M-demand
of the task when approached with these strategies, the imitial
performance of the subjects was found to match that predicted
by their M-space. Half of the children in each age group were
then instructed on more efficient strategies which wéuld reduce
the M~demand of the task by a determined amount. After instruction,
the performance of the control children had nut changed (i.e.,

there were no retesting effects) but the performance of the

f
instructed children had improved by the predicted amount.
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Case (1972a) investigated the effect of an experimentcal
kindérgarteﬁ program.on children's ability to master special verbal
classification and gestura} classification tasks. These tasks
were analfzed iﬁ terms of the schemes which must be coordinated
for solution. The imstruction progr;m was designed to teach ea;h
of the separate schemes to an acceptable level of mastery.

The results showed, as predicted; that the performance of the

experimental children on the pcst—instrucéion tasks was equal to

the performance of fourth-grade cqutrol childrem on the verbal
-t

' A e

tasks, and second-grade centrol childremn on the gesturail rasﬁs.
\
Case concludes that the imstructivnm allowed the subjects to gonstruc
- ‘
new schemes essential for task solution, reduced the M—demand of
the task, and thereby improved performance relative to a control
group of kindergarten children. However th;s learning was spbject
to a predictable upper bound defined ?y the initial M-space of
the subjects and{the M-demands of tﬁe tasks after instruction.

A study by Whimbey and Ryaﬁ\(lQGQ), although conducted outsiic
of Pascual-Leone's theoretical framework, also demonstrated the
effect of improved solution strategies. The topic under investiga-
tion was the role of short-term mcmory (a siznificant component
of M-space) in college .students' ability to learn syllogis:{;
reasoning problems. éignificant correlations were fcund on pretests
of digit span and the reasoning problems, However after training

in syllogistic reasoning the correlations disappeared. The authors

o
conclude that “raining provided subjects with automated skills

N #
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which brought the short-term memory demand of the task within
all subjects' capabilities.
Summary. Iwo conclusions can be drawn from the information

processing studies reviewed in this section.! First, instruction

H

§

designed to improve-ghildren's efficiency in infcrmation processing
can’ improve ‘children's Perfcrmance on various kinds of tasks.

Second, ghe amount or complexity of this learming is often constrained
by children's H—spahe or information processing capacity. For
épecially designed tasks the nature of these constraints can be
predicted with impressive accuracy. However it is still not clear
h&w information processing capacity contrains learning in more
nat;ral and more complex schoel imstruction contexts. The problem,
as noted in Chapter II, is that it is not always possible to analyze,
a priori, a coumplex learhing 4ask in the same way a child would

and to identify all the relevant schemes which the child brinmgs

to the task. This makes it difficult to specify the infcrmation
: AN

‘prccessing or M-demand cf a given task, which is a necessary step

in relating children'’s M-capacity to their ability to learn the task.

In spite of these problems, Case (1978a, 1978b) has reported

several -successful attempts to apply principles of the M-space

construct in instructional settings. These were basically pilot

\>

efforts designed to test the effectiveness of various instruction
procedugés in reducing M;demands of the learning tasks. However,
no dttempt was made to control for prerequisite-knowledge or to

rélate learning success'td Mespacé; What is needed at this point

- ‘Q{ j’
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is an empirical test of the effect of M-space capacity on children's

ability to learn a complex &nd school-related mathematics task.
The present study represented an exploratory test of this kiad.

Teaching mathematical concepts. A number of studies have

o

‘investigated the effect of children's level of development on their

ability to learn mathematical concepts or skills. Since the content
of learning in these studies is taken from school curricula, the
information they provide comstitutes the most direct‘evidence
available on the relationship between cognitive development and
ability to learn school m#thematics content through instruction.

As noted previously, all of these studies have been conducted
within s Piagetian framework.

Several investigators have used chronological age as a measure
of cognitive development and have found that older children learn
\ﬁore than younger children, with a certain minimum age apyarégtly
required to benefit from instrucgicn. Carr (1971) tested three
groups of kindergarten children on various number concepts. OUmne
group had received two years of preschool training, including
instruction on number, the second é{gup had received one year, and
the tﬁird group had received noue.\jPerformaAce was low and resuilts
shoved no significant between-group differences on number skills.
Carf concludes tha': arithmetic instruction, of the kind offered
here, is not effective or meaningful until the child has achieved
a cognitive developmental level of "number readiness’ and has

available the necessary mental operations.
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Lovell (1971a, 1971b, 1971c) reports on a series of studies S

which investigated how well secondary school students were able

. B L
R S¥ ES

to learn mathematical concepts such as function, proof, and
probability. The details of the subject characteristics, experimen-
tal design, and the nature of the instruction are incomplete, - *
but the results of all studies showed a positive correlation
between performance and chronological age. Lovell concludes
that the relationship between performance and age indicates that
certain developmental abilities are required for students to
benefit from mathematics instructionm.

Limitations associated with the use of chronological age .
as & measure of development have been discussed previously.
Since the subjects iﬁ the studies by Carr (1§71) and Lovell (1971a,
1§71h, 1971c) were mot tested for the specific developmental
abilitieé believed to be required on the marhematical tasks,
the results only indicate that chronclogicsl age, with its many
experiential and maturational factors, has an effect on ability
to learn mathematics. %éfe precise interpretations are desirable
but unwarranted.

Mental age has sléo been used as a measure of cognitive
development. Washbarne (1939) directed a series of studies which

attempted to identify the mental age required to learn various

. school arithmetic topics. The assumption was that a certain mental

r 3

age is most appropriate for learning a given concept. Instruction

before this level is reached will be velatively inefficient and

4
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nonproductive. In order to ideantify these Yoptinun"” levels for x

. b

S

each topic, a series of studies was conducted aver & 1l0-year

.
4%

)
G e e

B

pefiod,.involving a large number of elementary school teachers
and students. The general procedure in all studies was the following.

A pretest was administered to measure the students' mental age and

R

: A (
their knowledge of the topic to be instructed. Instruction was

S
byt

then provi&ed,.QQer several days or weeks, on a specific arithmetic -
topic. Achievement was measured by a retention test given six

y
weeks‘later. Average retention scores were plotted for subjects
.at each mental age. In most cases, the curves obtained rose
steadily with an increase in mental age, reached a critical
point, and flattened out. zﬁbﬁ Qental age associated wit£ this

\-
critical point was interpreted as the optimsl level of developwent i ;

. ]
for instruction on the given topic.

of the present investigation, several conceptual\gnd methodolngicQI

Althougﬁ the intent of these studies fallsiwithin the domain
differences reduce the relevance of their findings.. A fundamental
%éfference is the use of mental age as a measure of develepment.

The problem is that mental age is a psychometric, rather than

f o)
e Y

theoretic, measure of development (see Elkind, 1971). Although

‘ cor;elations were found between mental age and ability to learm
gfifhmetié concepts or skills, nohypotheses can be advanced vhiéh
night explicate this relationshié. There ;s nothing sﬁ%cifiéally o™
about mental age that is logically tied to arithmetic skills on

the one hand, amd cognitive development on the other, to suggest
.-Ah‘_\/
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the reason for the relationship. It is simply an empirical
tclationship, and any other measure of development might have

~ served as well provided it had the desired psychometric properties 'E%

»r

(e.g., Teliability, individusl va®ation, etc.).

: -» oo
The implication of this is that the results must be interpretéd C

-~

quite narrowly. It is di?fiéult(co.genersli:e to other instructional

o d

. settings which use different methods, teach slightly different

togics. or evaluste with different criteria. For example, since

the results deal only withdgggeery ) given topic taught ino a

given waf. nothing can be said about the,- timum" mental sge
v at which to introduce a tgpic. Without knuwiﬁg the specific
o developmental abilities which accounted for these relationships -
and their logical connections with'the arithmetic topics, it is
impossiblefto determine how changes in the situational variables
wopld affect the results. The intent of the curreat study was not
only to establish empirical relationships between developmental
meastires and learning performance but also to explicate these
relationships within a theoretical context. ' <
. Several studies have been designed to tease out the effect
of particular developmental ab11£tles on learning specific mathemat-
ical concepts. Using college students as subjectg Adi (1978) ¢
investigated. the relationship between deveibpmental level as
_meagufgk by a paper-and-pencil formal operations task a;d abilicy
toe learn certain related prehlem~solving'precesses. Subjecots

—

were classified by their performance on the formal operations - o

&y . |




“isﬁﬁw~«””P”“4~““\ﬂw:w&xx#ax@“wwv*W“$& TR R R SOR L R TT  ATE A Jeoxsy
% : R
. 75 ;§§

" task into one of three developmental levels from concrete }E

<

"to formal operational. All subjects received the same instruction .J;

on solving algebraic equations by two methods: 1) inwerting or ffé

reversing the sequence of operations; and, 2) compensating for | . ‘ fi

« an‘alteration on one side of the equation by‘similarly altering | ﬁé

‘ e other side. It was hypothesized that the method of fuversions ‘é
Aevelopmentally precedes the method of camensations.‘gnd that AE_

differences between the groups in ability fe learn thé methods ~§%

would sppear on the compenss=tion problems but not cn the inversion \z

problems. Results on aa equation solving posttest partislly
confirmed the hypétheses. ?he highet deveiopmentif group performed
significantly better than the lower group on both types of problems,
but this difference was substantially greater on the compensation
problems due to the relatively poor performance on these problems
" by ;he low developmental group. The author concludes that develop~
ment is a factor iﬁ learning mathematical processes, and that
its efiect depends on the type of process to be learned.
A study by Mpiangu and éentile (1975) investigated the effect
. of number conservation on children's ability to learm certain |
arithmetic skills. Kindergarten children were pretested on an
eight-item number conservation test and a four-part srithmetic
test. < Problems on the arithmetic test involved numﬁers 0-10,
and most of them required roté or point counting skills. (Rote
counting consists of recitation of the counting numbers in correct

sequence, either forward or backward; point countiang involves
%

setting up a one-one correspoadence between the counting numbers

ERIC 59
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and a set of markers, and labeling the set wigh the appropriate

cardinal number.) An equal aumber of children were randomly

w R
e

BT h

assigned té the experimental and the control grou§ using a procedure

to ensure equal distribution of number conservers and nonconservers.

The experimental group received ten 20-minute arithmetic training ' -

sessions deaigned'to instruct children on the pretest tasks.

she control group received the same amount of instruction on
unrelated content. As expected, the results showed a significant
main effect for treatment in favor of the experiment#} group.
This effect was obtained using a regression analysis gith arithmetic
posttest scores regressed on number conservation preéest scores.
The regression lines for the experimental and control group were
e§sentially parallel, indicating that, although number nonconservers
still performed laweg than conservers, they had gained as much from
ir.struction. The authors iunterpret this as strong evidence
that comservation: 1) does not affect children's ability to
benefit from mathematics inst;uction; and, 2) is not 3 necessary

: Eoﬁdition for mathematical understanding.

steffe, Spikes, and Hirstein (Ncte 6) contested this conclusion ' -

after conducting a study which investigated whether two Piagetian
constructs, class inclusion and number conservation, were required
- for young children to learn certain number concepts. Their first-
gra&e.sample included au egual number of extensive quantifiers

(conservers) and gross quantifiers (nonconservers). These

classifications were made on the basihvof a pseudo-conseration

N
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task in which subjects were required to judge the equality of

two static and diffefently arranged sets of markers. The
experimental and control groups were formed by placing half

of the children of each qnantification ability in each group.

Both groups received about 40 hours of arithmetic instruction over
-a three-month period. The control group received conventional
school instructioé while the experimental group participated

in specially designed activities on classifying, set pa;titioning,
counting, solving addition and subtraction pfoblems, and using
hand-held calculators. Most of the activities were directed
toward improving the children's counting ability.

After instruction all children were tested on 29 individual
measures which were clustered into seven achievement variables.
Six of these assessed rumerical s¥ . uch as working with
csrdinal and ordinal numbprs, solving orally presented additiom
and subtraction problems with, and without, objects, and counting
at the rote, point, and ré%ional levels (rational counting is-
evidenced by coupting-on or counting-back to solve a numerical
problem). The results of the gzudy are complex and difficult
to summarize. However several of the majar findings are thu
following: u) experimental and comtrol groups did not diffe;
significantly on any of the achievement variables; b) number

conservers performed significantly better than number nonconservers

on those tasks which required raticmal counting; c) number

91
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conservation was not required to perforn tasks solvable by rote

counting;: 4} with specia; training, number conservation was not

required to perferm'tasks solvable by point counting; g) tberc

vas no evidence that class inclusion was & readinesé variable

for any of the numerical tasks. *
‘Fron their results the authors conclude that children who h

differed in their developmental abilities (number conservation

or quantification) differed in the benefit they derived from .

instruction {(of either type). The learﬁins experienced by the

number conservers was qualitatively dif%erent than that of the

nonconservers. Nunber conservers were ;ble to acquire rational

counting skills and could apply them to a variety of problems. o

Nonconservers, on the other hand, demonstrated task spec;fic

learning and used rote and ﬁoint counting procedures. The

authors suggest that the conclusions of Mpiangu and Gentile (1975)

suffer from overgeneralization. Whife developmental abilities

may not affect the learning of simple skills_based on physical

knowledge (Piaget, 1964, 1970), they cre important for learning

skills based on logical-mathematical coﬁcepfs. _ :

Summary. The evidence reviewed in the preceding studies
suggests that children's level of cognitive development does
affect their sbility to learn mathematical concepts. However these
affects may be specific to certain developmental ability/mathematical

concept dyads. For example,” Mpiangu and 'Gentile (1975) found that
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children's performance on a single de#elopment:l task does not
predict their learning pécen:1;1 4n all mathematical situations.
Nonconservers ceuldliearn simple afithmetic skills. However
Steffe et al. (Note 6) demonstrated that a form of number con-

servation is required to learn more advanced and lasicllly-

oriented arithmetic concepts. Furthermore, Adi (19?8) ﬁhowed

that people with particular developmental abilities cpuld learn
related mathematical skills which were within their range of
development, but were unable to learn skills beyond theif develop-
mental level. In summary, it appears that the constraining'
nature of development manifests itself throush the limitations
impcsed by the absence of particular developmental abilities

on learning lagically related mathematical concepts. The present
sggdy investigated this hypothesis.

Relationship Between Developmental Level and Knowledge of Measure-

ment Concepts

The studies which are most relevant for the present investiga-
tion are those which have focused on children's learning of measure-
ment concepts. As described briefly in Chapter I, the content

of instruction in this studywas linear measurement. The objectives

of the instruction lessons focused on the initial concepts of measure-
ment dealing with physical and symbolic nethods of representation.
In particular, the 1essgn§dealt with‘cqpparing }engths using con-~
tinuous, discrete, and numerical representstiaés. Basic concepts

}
of lipear measurement which characterize these representation

-
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systems, such as the additivity of iensch. and the }nﬁerde or
multiplicative relationship betweenyuniﬁ size an& ﬁnit aumber,
formed an integral part of the lessans.l The measurement concepts
of concern are, therefore, those which bridge the gap between
premeasurement concepts, ‘such as- conservation and.transitivicy,
and the measurement concepts of a well-developed mathematical
system (see Blakers, 1967).

Studies which have investigated thé acquisition of these
concepts can be ékr:itioned into two categories. The fir;t
category consists af.status studies which are concerned with the
relationships between developmeng?i abilities and knowledge of
measurement concepts at a given point in time. These studies
will be reviewed in this section. The second category is made
up of intervention s;udies which consider the effects of specific
instruction on chi}dren's learning of peasurement concepts.

These will be reviewed in the next section.

A number of studies have investigated the relationship
between children's cognitive developmental sbilities aund their
understanding various measurement concepts. Some of these
studies have traced the development of these coneepté, either
cross-séctionally or longitudinaliy, and some have considered
the reletionship between developmental abilities end measurement
concepts at a single developmental level. All have been conducted
within a Piagetian framework, i.e., the developmental abilities

were defined in terms of Piagetian constructs such as conservation
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and transitivity.
The focus on Piaget's work is understandable since Piaget

and associates (Piaget et al., 1960) have proposed the mést complete
theory of the development of measurement concepts in young children.
from their perspective, measurement includes both prenumerical
aspects, where objects aré,compared on the basis of some attribute
(e.g., length) without assigning number to the attribute, and
gumerical aspeéts introduced by unit iteration. In their studies,
-ehildren, ages 3-12 years, were asked to carry out both types of
measurement in clinical interview situations. Based on the results,
Piaget et al. (1960) maintain that children's understanding of
measurement develops in stagewise fashion and is closely interrelated

with the development of conservation and tramsitivity. Three major

stages are identified with respect to the development of length

concepts. In the first stage children do not conssrve length and

cannot make transitive infevences. They are also incapable of

using units to méasure. Length'is viewed only as a function of

endpoints; polygonal or uﬁdui;ting péths hetween endpoints are

ignoréd. By age 6-7 years most children reach the second major

stage. They begin to recognize conservation and transitivity in

certain situations and they understand some.properties of unit .
measure. For example, given cohgruent un{fs, they realize ﬁhat

the length measuring more units is longer. ﬁugever they fail

to sccount for ghe size of the unit‘when noncongruent units are”"

e
used. The final stage is marked by the achievement of unqualified

- ©
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numerical measurement. By age 8 or 9 years children can conserve
length and reason transitively. Soon thereafter they attain
the final‘step ;n Piagetian measurement-—ﬂ&ey are able to:iterate
units and understand‘the inverse relationship betweén’nuﬁber of
units and ihit‘sizé. - _ .

Piaget et al.'s (1960) position on the relationship between

conservation, transitivitcy, and measurement is clear: "Comservation
: !

L)

-

and transitivity are thué shown éo be the first and essential
conditions for complete [measurement]" (p. 1235» Presumably
length conservation and length transitivity are prerequisires
for measuring length in a meaningful way.

Further researcﬁ has shown that, although Piaget et al.'s
conclusion may not be incorrect, the relatiomnships between
conservation, transitivity, and meaéurement are more complex than
the Cenevens' statement would indicate. For example, evidence

-
from two studies suggests that conservation and measurement abilities
may interact to each facilitste the development of the other,
rather than conservation being required for all measuring'activity.
The first is a study by Tsloumis (1975), who 1nvestigace&_the effect ey
of measurement activities on comservation, and vice versa. Three
area conservation tasks and two area measurement tasks were giver -

to children ages 6-9 years. The children were randowl, assigned

to one of two presentation sequences, conservation-measurement
. L
or measurement-conservation. The results showed that in both cases

children performed better on the second group of tasks. Taloumis
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concludes that area conservation does not necessarily precede
area measurenment, and that measuremen%ractivities may facilitaté the
development of conservation,

In reporting the results of a longitudinal study, Woﬁlwill
(1970b) arrives at a similarvcanclusion but suggests a more complex
relétionship between conservation and measurement. The study in
question investigated the developmental interrelationships between
conservation ;;é.measurement concepts. Kindergartén and first-
grade children were administered conservation tasks of number,
length and liquid quantity. They were also given a set of m;:§gre-
ment tasks whic@ required them to compare lengths by direct
comparison, by using a physical representation, and by unit
iteration. All tasks were administered two additional times over
an 18—§onth period. Results indicated that conservation and
measurement were related in rather complex ways. No cleas or
simple pattern emerged but the data suggested the following inter-
rélatianship} The simpler measurement concepts are ?Bderstood
prior to conservation, but the more advanced concepts (e.g.,
the unit number/unit sizé relationship) are acquired only after
conservation {s achieved. Wohlwill (1970b) suggests &hat in the
early stagesteaSUrement activities may serve to direct children's
attention to the relevant attributes and may facilitate, rather
than depend upon, the development -of conservation. This conciusion

is supported in a conservation training study by Bearison (1969).

A number of studies provide aggiticnal imsight into the types



of measuring behaviors which require comservation abilities

and those which do not. Many of these studies have focused

on the notion of unkt and measuring by unit iteration. A sub-

_stantial body of evidence collected by Carpenter (1975), Wagﬁan (1975),

and Bradbard (Note 7) using liquid quantity, area, and length
contexts, respectively, suggests that children can and do make

appropriate measurement judgments based on the number of units

measured.

~
Carpenter (1975) administered five types of liquid quantity
problems to first— and second-grade students. One was a conserva-

tion task and the remaining four were measurement tasks which

' systematically varied the distinguishability of the comparative

<

unit sizes employed, and the perceptual equality {or inequality)
of the initial and final states of the two 1fguid quantities.
Results showé& that almost all children recognized that more units
implied more quantity, and most children maintained these measure—
ment responses in the face of visually conflicting cues. *In fact,
number was such a salient cue that there was no significant
difference in d;fficulty between conservation problems, where the
distracting cues were visu§l, and'measurement problems, where the
distracting cﬁes were numerjcal.
: ' ‘

Consistent with these findiﬁgs are those report%g by Wagman

(1975). In order to study the development of area concepts in 8,

10, and 11 year old children, four fundamental axioms of area were

initiall? idéntified from a mathematical analysis of area. These

g
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included the additivity axiom, the area axiom (the unit measure
of an sre;.?gilniqpe), the congruegpge axiom (two congruent areas

measured with the same unit have equal measures), and the unit

-
< .

postulate (the measure of an area can be derived from its length
and width). Tasks were devised to measuré an'understa;ding of each
axicm. Some tasks were given only to children who could conserve
area while others were given to nonconservers as weli as é;nservers.
The results from tge latfer are thése which are of interest for
}he current study. It~was fcund_that an understanding of the
congruence axiom preceded conmservation, while the additivity axiom
and conservation developed concurrently. The first finding ‘
suggests that children were able to attend to the number of units
in a unit measure before they could conserve.

Similar results were also obtained by Bradbard (Note 7)
in a length context. Bradbard tesged first-, second-, and third-

grade children using tasks of prenumerical liuear measurement,
\

pumerical linear measurement, conservation of iength, and transitivity.

L]

The results showed a stepwise progression in the development of length

Fal

concepts similar to that described by Piaéet et al. (1960). There
vere, however, some Iimportant differences between Bradbard's results
and those of Plaget et al. on the relationship between measurementﬂ ‘
and conservation and transitivity. The latter twq abilities were
not found to be prerequisites for e?gaging in measurement gtrategies

. { !
such as unit iteration. Some children who could not conserve or

make transitive inferénces could successfully measure by iterating

*
.
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units, .

While it seems clear that conservation is no;'required to
respond appropriately if congruent units are used (i.e., if thé
measyres are defined by the number of units), there is some
evidence to suggest éhat logical reasoning abilities like conserva-
tion may be more heavily implicated in more compléx measurement
concepts, such as the coordination of unit number and unit size.

It is certainly true th#t these concepts are more d;fficult for
children to understand. In Carpenter's (1975) study with first-
and second-grade childéén, only about half the children realized
that the size of tge unit affects the result, one-fourth understood
the imﬁortance of using a constant unit of measure, and only

a few were able to infer the inverse Felaticnship between unit

size and unit ﬁumber from the measurement results. ¢ )

Bailey (1974) found that even third-grade children had
difficﬁlty applyiﬁg th? inverse relationship betﬁeen unit number
and unit size to evaluate length. Second- and third—g}ade children
were asked to compare the lengths of two polygonal paths. The two
paths consisted of unit segments which varied between paths in
comparative size, or number, or both. Complete results are not

F

reported butapparently'cdnservation and transitivity preceded the
ability to coordinate unit number and unit sizg. A
Batano and Ito (1965) suggest a distigction which may help

to clarify this complex relationship between consepvation and

children's measuring behavéor. In investigating the development

~

-
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of linear measurement concepts, they idenélfied two basic types of
o measurement tasks. The first typeQSre those which require the
application ofra learned measuring technique, such as measuring
- length with a ruler. The second type are those which require
logical inference, such as indirectly comparing the lengthé of
two objects measured with_different-size units. In their study,
Hatano and Ito (1965) a&&inistered several tasks of each type to
first~-, second—,‘and third-grade children. They found that the
e technique-based tasks were easier than, i.e., were performed
- prior to, the logical inference fasks.' For example, most first-
grade children could use & ruler tc measure length and could attend
to the number of units when iterating. But only about one-third
of them could conserve, reason transitively, or coordinate unit
number and unit size, These data, which are conmsistent with the
results of the studies just revie&ed, éuggest that conservation
plays a very diffefent role in different types of measuring skills.
Conservation is clearly not required to count the number of units
when measuring or to ﬁake use of numerical results to compare
lengths. However it may be more closely tied to the acqﬁisitioq
of other measu¥ement skills, such as cgordinatimg unit number .

and ﬁnft size.

This hypothesis was supported by Carpenter and Lewis (1976)

-‘!

who explored the origins of chiliren's eventual understanding
of the imverse relationshié between unit number and unit size.

First- and second-grade children were given two types gf linear

Q | [\ : w rC)I
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-and liquid measuremerit problems. In one type of problem, visually
. ” N
e T equal quantities were measured with different size'units and children
were asked to re-compare the quantities. Responding on the basis
' ) of number of units alone would lead to conservation-type errors.
s
In the other problem, one of two equal quantities was measured A

N

uitﬁ a visibly larger unit. Children were the asked to*predict N
how many smaller units it would take to measure the oﬁﬁer quantity.
Results sgowed that in both the linear and iiquid contexts children
performed s;gnificantly better on the prediction probiems than

on.the comparison problem; ThF authors éonclude that the notion of

a compenéatiug or inverse relationship between unit numbgr and

unit size-.develops before it can be appligd in measurement situations.
Thus, the development of this measurement canceptwgppears to foilow
the-same pattern és that of conservation, where the logical reason-
ing ability is present before it can be applied in physical
situations (see Halford, 1969).

The mechanism whjcﬁ nay accoun; for the development of both
concepts is described by Carpenter (1975). In this study cited
earlier, Carpenter éystematicallf varied the visual and numerical
cues by which children might coméare two meésured quantities. The
results showed that visual an& numerical cues were equally salient.

However children could attend to only ome cue at a time. They

appeared to focus their attention on a single domipant dimension-

and jgnore other relevant dimensions. Carpenter concludes that

the increasing ability of children to both measure aﬁd.conserve

1nz
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éan be explained in terms of an increasing ability to decenter their
attention aﬁd consider éé§era1 dimensions simultaneously. The
centrnfién of young children presumably accounts for the diéficulty
they cxperience in cbordinating unit size and‘;ﬁit number and

- recognizing the inverse relationship between”the two.

Only a few studies have investigated the relationship between
transitive reasoning and children's ability to measure; and ﬁhe‘
results are even less conclusive than those invaluing conservation
and measurement. Harris and Singleton (;978) conducted a series
of experiments to investigate the role of transitive reasoning
in chi{ldren's measurement. Piaéet et al. (1960) reported that
young children were unable to make use of a middle terﬁ when
measuring because they lacked the ability to make transitive
inferences. In order to test this conclusion Harris and Singleton
modified Piaget et al.'s (1960) task of building towers and admin-
istered it to 4 and 6 year old children. They found that even 4
year old cgildren Suilt towers equal in height to a distant one
by spontaneously copying the height of a nearer tower which they
. had bren shown was equal. The authors conclude that young children

| can use a middle term to measure, i.e., they are not logically
’ » deficient, | g
In order to determine why the children in Piaget et al.'s
(1960} stndy had not exhibited this transitive reasoning behavior,

Harris and Singleton (1978) ran two additional experiments with

~.
children ages 4 and 6 years. In the first, subjects were asked

ERIC fo3
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to visually compare the height of several towers. While 6 year
olds acknowledged the difficulty in comparing towérs separated
> | by some distance, most 4 year olds did not hesitate to make visually-
based judgments. In the second experiment, children were asked to
build the tower anywhere they pleased. Four year élds were content
to build their towers in the original location while 6 year olds
meved nearer the standard in order to make more accurate comparisons. .
The results of these two studies are interpreted to mean that younger
children have more confidence ig their visual comparisons than
older children. The authors conclude that the behavioral deficit of
young children in measurement situations results from over-conf idence
in their visual skills rather than from the absence of transitive
reasoning.
While this conclusion was supported in a similar study by

Bryant and chytynska:(l976). it must be viewed with caution.
Transitive reasoning ability was never directly assessed in eigher
study and consequently any conclusions concerning its role in the
development of measurement concepts are tenuous. The fac; that &
year old children were able to exhibit a primitive form of transitive

'Y reasoning behavior in a faciiitative context is not surprising (sée
e.g., bBraine, 1959). Furthermore, only a single prenumerical .
concept of measurement was considered. The real question concerns
the role of transitivity in the aCQuisition of in;reasingly comglex

measurement concepts. The results of Bailey (1974) and Hatano and

Ito (1965) indicate that transitive reasoning may be important in

N
1o
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more advanced measurement concepts.

Summary. The relationship between the developumental abilities
of conservation and transitivity and children's knowledge of o
specific measurement concepts is complex and difficult to establish.
Some investigators cénclude that conservation and/or transitivity
are required to carry out measurement strategies (Bailey, 1974
Piaget et al., 1960), while others suggcsé that certain measure-
ment strategies precede comservation (Carpenter, 1975; Wagmanm,
1975; Bradbard, Note 7) and may even facilitate its development
(Taloumis, 1975; Wohlwill, 1970b). These mixed results may be
explained in part by the different measurement concepts used
to test children}s abilities. As suggested by Hatane and Ito
(1965), some measurement strategies are technique-based while others
appear to be more dependent on logical reasoning abilities. Con-
sequently young children have much more difficulty with some concepts
than with others. Even with respect to a particular conceptual
domain, e.g., unit of measure, children's understanding emerges
 over an extended period of time. They are able to deal with the
number of units qf measure at a relatively early stage (Carpenter,
1975), probably before they can conserve (Hatano & Ito, 1965;
Wagmap. 1975; Bradbard, Note 7). However the ability to deal
with the size of the unit and tv coordinate unit number and unit
size is achieved much later, perhaps after conservation is fully
developed (Hatano & 1lto, 19%5; Piaget et al., 1960; Wohlwill,

1970b). Since different measurement concepts may be differentially
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related to developmental abilities such as conservation and
transitivity, any attempt to investigate the relationship between
them will need to consider a wide range of measurement concepts.
The current study illustrates this by moving from elementary
prenumerical measurement concepts to mOTe advanced numerical measure-
ment concepts in its instructional sequence.

Although the relationship between information processing

<

capacity and children's knowledig of measurement concepts was

not investigated directly in any of the studies previously reviewed,

some evidence does suggest the following. Children can and do

perforn poorly in measurement situations even though they possess

the required logical abilities (Carpenter & Lewis, 1976). The

reason for their inability to measure may be explained in part

by their inability to decenter and consider several dimensions

simultaneously (Carpentér, 1975). The current study investigated

this hypathesis by including M-space as a measure of children's

information processing or decentering capacity.

The studies reviewed in this section are status studies;

most of them employed cross-sectional rather than longitudinal

methods of investigation. Therefore, conclusions, based on these

results, about the role played by conservation and transitivity

in the acquisition of measurement concepts are highly inferential.

For example, the £act that children spontaéeously develop conservation
¢

and/or transitive reasoning before they master the inverse relatiomn-

ship between unit number and unit size does not necessarily imply

Ing
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that these’}egical reasoning abilities are required for, or even
contribute to, the acquisition of this measurement concept

during instruction. The evidence provided by status studies i;‘
primarily ruggestive. More direct evidence about the relatiomship
between developmental abilities and learning measurement concepts

comes from intervention or inptructiong%istudies.

Acquisition of Measurement Concepts Téroﬁgh Instruction
The purpose of this section of the réview is to consider

studies which w e designed to teach young childréé the fulidamental

concepts of measurement. Those to be reviewed have included

{nstruction on the kiands of measurement concepts which are of

interest in the current investigation. Thefefore the review wiil

include neither studies designed to teach the premeasurement

concepts of consé}vatién and transitivity, nor those which instrﬁcte&‘

older children in more advanced measurement techniques, e.g.,

using standard units of measure (for a more comp}ete review of

measurement studies see Carpenter, 1976). ﬁethodologically, the

studieé to be reviewed in this section are of two types. One type

cansi&ered the extent to which children of a particular ége or

developmental level could learn various measurégént concepts.

‘The second type of study investigated the effect of children's

developmental status on their sbility to learn measurement concepts
and consequently included children of different developmental levels.
Several studies of the first type have examined the feasability

of teaching initial mathematics concepts through a measurement
:

s
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approach. Van Wagenen et al, (1976) provided an experimental
group of first-grade children with an alternative mathematics
program for the entire year which emphasized concepts of linear
measure. Activities included representing length physically and
symbolically, and comparing lengths using various represeggggicns.
At the end of the year .the experimental group performed significantly
better than a control group, which had received conventional
instruction, on a measurement test and equally well on an arithmetic

achievement test.

Another matnematics program, Deﬁelogiqg_ﬂathematical Processes

(Esmberg et al., 1974, 1975, 1976), uses measurement ideas to
intfoduce basic mathematics concepts. Before developing the program,
a series of pilot tryouts were conduc:ed‘to ascertain what measure-
ment concepts young children were able to learn. .It was found

that after several weeks ¢f instruction, kindergarten children

could represent length using continuous physidal representations

and could compare and order lengths using these representations
(Romberg & Gornowicz, Note 8). First-grade chiidren could, after
several lessons; measure length using both a collection of congrﬁent

units and unit iteration (Romberg & Planert, Note 9); and second~’

grade children were able to learn the multiplicative relationship

'
H

between unit size and unit number (Romberg & Planert, Note 10).
. 3

A study by Minskaya (1975) focused specificslly on introducing ™
the concept of number through meassrement activities, First-grade

children were p¥esented with spec¥ally designed mathematics lessons
— . .

,‘-I”
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- which dealt with camﬁarihg quantities in various ways. Number
‘was introduced during the‘seeond half of the.year by using unit
"{teration and nusber line sctivities. The emphasis of most
+ lesSons was on(unit size, and the relationship between total
que tity, unit number, and unit size. The teéulte-wbich are
reported are impressive. On the finalfretention and transter
‘ ‘ test, which included many problems on the inverse relaticnship
between unit number and umit size, 8._ of the responses were .
r-rrect. Thiss is netégorthy in leght of the relative difficulty of

this concept for young children, a fact wh)eh has been documented

in<éeverahastudies reviewed earlier. ;E&
&

-Apparently young children can learn measurement concepts, and

can be taught other mathematical concepts through a measurement
ﬁ

approach. However this does not mean that children experience

A
by Gal' perin and Georgiev (1969) attempted to alleviate some of

no diffiejfty in learning about measurement. A teaching experiﬁent

these problems. . Based on earlier work, ¢hey hypothesized that
children's misconeeptians of measurement result from é lack of
understanding of the unit of measure. Presumably childlren do not
appreciate the size jof units and rely only on visual cues when
measuring. In order teo correct these misconceptioﬁs they devised

a series ef 68:instruction lessons for 6 and 7 year olds which
focused cn'the measurement process and systematically differentiated
between units of measure and disctrete entities. The results

! :
show impressive gains In children'e understanding of measurement.




Although it is clear that the childreg did learn some basic concepts
. ] ’ N ’ ’
of measurement the reasons for their initial misconceptions are

Jﬁéss clear. Carpenter (Note 11) readministered some of Gal'perin
’ and Georgiev's tasks along ﬁ#ﬁh some additional tasks to investiéate ’ \
, éhe reason for children's errors. Carpenter found the same -
;rrors as those reported by Gal'perin and Georgiev but based on
' the additional results suggests an alternate interprétation.
Carpenter maintains tﬁat the errors are not the result of inattention «
to the size of units but rather children's limited capacity to
— ’ nake more than one—d}mensional cogparisons. They are cap;ble
of attending to the size of units, or the number of units, but
_/afe unable to coordinate these two dimensions.
The previous<s;;dies indicate that young éhildrgn can learn
~ measurement concepts, through careful instruction, but some mis-
Eonceptions may occur along the way. grom a logical perspective,
_ L
? - these misconceptions may result in phrt‘from the aSseﬁce of fully
developed logical reasoning abilities. However, only a Few -

N
studies have been conducted to test this hypothesis, i.e., to |
examine the effect o éeveldpmental abilities on children's measure~-

Ve
ment learning.
- One such study was conducted by Beilin and Franklin (1962).
They investigated the age-related developmental limits impcseé
ﬁpon the acquisitién of measurement concepts. First-grade and

third-grade students were pretested on their ability to compare and

, order various objects by lenéth and area using unit iteration.

o e ) -
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The children were then iﬁstrgcted on how to sel;e these éasks
using appropriate iteraéinn strategies. The posttest consisted

of a series of transfer tggks which‘nseéeéifferenc—sizé'shapes

but required the same measuremen gogesses. The results showed
that the third-grade dhiidrén knew more about measurement initially,
and were able to tragsfer theig,knbwledge to the novel taéks on
the posttest. The first-grade chiidren displayed sﬁme knowledge
of linear measurement after instfuction,.but were unable to learn
about areag;easure. "This lends support to Ehégﬁiew that the
child's level of development places a limit on what he may acquire
by virtue of experience or training at a particular gime" (Beilin

& Franklin, 1962, p. 618). Unfortunately, the conclusion of the

~ authors is attenuated by the lack cf,coﬁtrol for prior knowledge,

and the use of age as a gross measure of development. It is
difficult to assess the effects of specifically "developmental"
gbilities in this situation, and it ig impossible to isolate the
particular abilities which may have come into play.

‘/bpé of these methodelogical problems, a difference between
Qge groups in prior knowledge, was ineidentally alleviatéd in a
study reported ﬁy Montgémvry (1673). It was not Montgomery's
intention to investigate the relationship betwéen develoﬁmental
status and ability to benefit from instruction in linear measurement,
but the study provides significant“inkbrﬁécion in this regard.

The purpose of Montgomery's study was to examine the interaction

of second- and third-grade children's ability to learn length
f -

i
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concepts with two instructiomal éréatments on area concepts.
: ‘ r

An initial teach-test procedure partitioned subjects on their
ability to learn to compare two lengths measured with different
units. They were randomly assigned to one of two instructional
sequences whichrdiffered in their trestment of the unit of area
measure;» One sequence always used congruénE uniés to compage
regions,.ﬁhile the other used noncongruent units and therefore
emphasized unit size as well as unit number in all comparisons. g'
It was hypothesized that the children who experienced more difficulty
using different uni?s during the teach-test procedure would not be
able tqstake advantage of the latter; more sophisticated instruct}én.
However, the results showed none of the hypothesized interactions.
Main effects were found favoring the students who had scored higher
on the teach-test assessment, and favoring the instruction sequence
which used noncongruent units.

Two results of'Montgomery's study are particularly relevant

for the present investigation. First, the lack of interaction

and the main effect;favoring the more advanced instruction sequence
« ‘d“

indicates that the less capable ch%ﬁéren benefitted more from this
S

- form of instruction, even though it was lcgiéally beyond their

abilities. This may have been because it directed‘their attention
to all of the‘relevant attributes in measuring, a general hypothesis
sﬁggesged by Gelman (1969) in number contexts, and Carpenter and
Hiebert (Note 2) in measurement contexts. The main effect for

ability level is less relevant for this study since the form of

*
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ability which was measured, ghile of general interest (see Carpenter,
in press b), is not a developmental ability of the type assessed here.

The second resuit of interest pertains to the relatioaship
between developmental status (as medsured by age) and ability to
léarn linear measurement concepts. As mentioned earlier, this
information was not an intended outcome of Montgomery's (197}) -
study and the data were not analyzed with this in wind. However
a re-analysis of the original data contained in Montgoﬁery (Note
}2) shows the following. Second- and third-grade students did
not differ in their knowlege of unit of length concepts before
the teach-test procedure. After two pericds of instruction, however,
the third-grade students performed significantly better than the
second-grade étudents on a unit of length posttest. Evidently
the older children were able to benefit more from instruction onm
length concepts thén the younger.children. 0f course it is still
pot known what particular developmental abilities were involved.

Summary. It is clear that young children can be tapght some
of the basic concepts of measurement. But what about the effect
of cognitive development on children's ability to learn measurement
concepts? Some evidence suggests that children can benefit from
measurement instruction which would appear to be beyond their
capabilities (Montgomery, 1973: Carpenter & Hiebert, Note 2;
see also a conservation training study by Bearison, 1969).

However this is not to say that children of all developmental

levels are equally able to bemefit from instruction (Beilin &

. 113
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Frénklin, 1962; Mants;mery, Note 12)§;De§elcpmentai constraints
seem to be real, but these may be in the form of infarmation
processing limitations, as suggested by Carpenter's (Note 11)
results, rather thén logical reasoning deficiencies. This is
the conclusion arrived at by Carpenter (1976) after an extensive
review of measurement research.

Unfortunatély, the constraints of cognitive development

have usually been inferred from differences in performance of

_children of different ages. No evidence exists which might link

specific developmental abilities to children's learning during
fnstruction on measurement. The current studywas intended to fill
this gap by investigating the effecﬁ of seve?al logical reasoning
abilities (conservation and transitivity) and an information
processing capacity (M-space) on children's ability to 1éé§n

4
linear measurement concepts during instrucfion.

Conclusions

Previous research has uncovered a significant relationship
between cognitive deveiopment and mathematics léarning. It
appears that children's level of cognitive development af?ects
the kinds of mathematical concepts or skills which they are able
to learn. An absence of certain developmental abilities limits
children's learning potential.

Hfth respect to the Piagetian logical reasoning abilities,
the relationship between &gvelapment'and learning seems to be

3

specific rather than general. Certain abilities, such as

-
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conservation and transitivity, are required to learn some math-
ematical concepts but not: others. More specifically, length
conservation and length transitivity play an important reole in
learning some measurement concepts, but are ot required for
iearning others. - The present study fits well within this research
background. Itwas designed to systematically investigate the
effect of léngth conservation and length transitivity on learning -
a sequence of increasingly complex méasure?ent concepts and skills.
Much less is known about the relationship between the develop- ¢
ment of information processing capacity and machematiéé learning.
Data from laboratory-type settings suggest that this developmental
capacity has a direct effect oh children's learning potential.
In addition, there is some.indication that the cognitive capacity
which limits children's mathematics 1€;rning is the ability v
to process and coordinate several p}éces of information simultaneously.
However there is almost no information on the relationship between
this ability and learning school mathematics concepts. The present
stud& explored this relationship by applying Pascual-Leone's (1970)

notion of M-space to the learning of linear measurement concepts.
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Chapter IV .

HYPOTHESES AND PROCEDURES

Introduction

The purpose of this stﬁdy was to examine the effect of basic . .
developmental capacities on children'é ability to learn mathematics
through instéuction. The research strategy emploved was outlined
briefly in Chapter I and will be ;xpanded upon here. The major
steps in this strategy can be summarized as foll?ws. Cognitive
developmental abilities were identified for their potential ;

influence on mathematics learning. Mathematics content which is .

logically related to the developmental abilities was selected for

. instruction. Since the intent of the study was to isonlate and

describe the role of these abilities ih learning mathematics, the
mathematics tasks were logically analyzed to détermine~their pre-~
requisite skills and to specify the demands they placed on eacﬂ
developmental ability. The results of this analysis were used in
two ways. First, the lea%ning hierarchies established through the
specification of prerequisite skills were used to design the
instruction lessons. Second, the identification of the requirements
placed on the developmental abilities by each mathematics task
generated hypotheses about the points during instruction where
developmental differences would affect learning. The data?gathering

process was then implemented by selecting subjects who differed in
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their developmental nt#tus but not in their initisl knowledge of
the Primarg.megsuremnnt concepts. All subjects were provided
with similar instruction and their responses to instruction were
carefully recorded. Children's performance over the course of
instruction was then related to their initial level of develop-
ment.

The first step {n this sequence, the selection of develop-
mental variabies, han been disucssed in Chapters I and II. The
remaining steps have been outlined previously but will be described
in detail in this chapter.

Selection and Analysis of Instructional Content

Linear measurement was selected for instruction because of

its logical relatidnmhip with the developmental variables and its

importance in school mathematics programs. As described in Chapter I,

an analysis was carr{ed out to identify and sequence the instructioen
objectives which embndied the basic concepts of elementary measure-
ment (see Figure 1). Four principles of linear measurement were
selected from this énalysis, each providing the focus {or one
instruction lesson. Given in the sequence in which they were
pfesented, the four ubjectives are: 1) using an intermediary,
continuous representation and attending to endpoints when meaSQring;
2) using a discrete vepresentation (i.e., subdivision of length)

and attending to the additivity of lemgth and the linearity of

1
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the interval between the endpoints when measuring; 3) using a

collection of units (i.e., several same-size discrete objects)

‘and unit itevation (1.0., a single unit and change of position)

fo assign numbers to lengths; and 4) accounting for the inverse
or multiplicative relationship between unit size and number of *
Qnits when measuring.
Tasks were constructed to assess children's understanding
of these principles and these ﬁasks were then carefully analyzed
along several different lines. The primary analysis procedure
was a rational task annlysis as prescribed by Gagné (1977).

Each of the four major tasks was broken down into a hierarchy

of logically related prerequigite skills as shown in Appendix A.

These learning hierarchies identified the skills and concepts
required to complete each task. An important characteristic of
this tYPE‘Of analysis is the specification of instructable components.
Each prerequisite skill represents an intermediate imstructional
objective. From the standpoint of many learning’theories, including
Gagné's (1974, 1977), a maximally effective instruction procedure
must attend to these prerequisite skills and their hierarchical
status.

In this study the highest*level prerequisites formed tﬁé basis
for the instruction lessons and the lower level prerequisites were

used to screen subjects on the linear measurement pretest (see

& T
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Appendix A). Each lesson consisted of several imstruction

' problems which focused on a single prerequisite and a post-

{nstruction task which embodied the primsry concept or terminal

objective of that lesson. The analyses in Appendix A {dentify
both the prerequisites on which the instruction problems were
based, and the post-instruction tasks used to assess children's
understanding of the major measurement concepts.

In addition to their use in designing instruction, the task
analyses also identified the developwental abilities which are
logically required to cdmplete the tasks. That is, the analyses
specified the demands made by each instruction problem and each
post-instruction task on the developmental abilitées. As Resnick
(1976) and Shulman (Note 13) have pointed out, attention to these
psychological components of the task is a?particularlf important
aspect of task analyses which are concerned with the intellectual
processes involved in task solution.

In this study, the task analyses specified the demandg made
by each measurement.task-on the developmental abilities of length
conservation and length transitivity. Although most concepts of
linear measurement are related in a gemeral way to conservation
and transitivity, they are not équally dependent on these abilities.

Piaget makes a distinction between logical-mathematical knowledge

and physical knowledge, and & related distinction between operative

&
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learning and figurative learning (see Chapter I1). These
distinctions suggest that various learning tasks may place different
types of demands on children's developmental abilities. The analysis
of the measurement tasks which was used In this study showed that
‘scme of the tasks were heavily dependent on logical-mathemstical
knowledge while others were based primarily on physical knowledge
and required application of a measurement technique. Tasks which
require operational learning or logical-mathematical knowledge
may be more dependent on developmental capabilities than those
requiring figurative learning or physical knowledge.

Ideally, a final analysis should be carried out to specify
the information processing or M-space demands of each task. However,
as alluded to in Chapter I, the application.of M-space to instruc-
tional contexts is not sufficiently advanced to prescribe methods
for analyzing complex mathematical tasks in terms of their M-space

demands. Recent work by Kintsch and van Dijk (1978) in the area of

verbal learning suggests that the information processing demands r

of instructional tasks can be specified in terms of task conten{
variables. However, similar analyses have not yet been carried
out for school mathematics tasks. Consequently, in this study
M-space was treated in a wmore global way as a general integration

capacity.

LT, .
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Research Hypotheses -

As ocutlined in Chapter I, the major questions of interest
concern developmental group differences in learning measurement
concepts and descriptions or characteriéacions of the measure-
ment strategies used by children within each developmental group.
Some of these questions lend themsefz;s to statistical analysis;
others must be handled descriptively. The following section
specifies the various hypotheses and provides a rationale for
their inclusionf

®
Statistical questions. The analyses discussed in the preceding

sections generated predictions about the effect of the developmental
abilities on children's performance over the course of instruction.

The predictions of primary interest concern differences in per-

formance on certain measurement tasks-between operational and pre-~

' operational children, and between low M-space and high M-space

children. However, before these hypotheses could be tested, a
check was needed on the stability of the sample in terms of the
deveiepmental factors.

The following hypotheses are presented as substantive questions
of interest{ rather than as statistical hypotheses about observed
scores.

Hypothesis 1. Children's performance on length conservation/
length transitivitv and backward .digit span will remain stable
over short-term instruction on linear measurement.
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All of rhe queﬁifbns which deal with the deveioﬁmental no%ians
of conservation, :ransi;lviﬁy, and‘H-spacé assume that over a short
time period they represent relatively stable constructs. It w#s
assumed in this study that performance on these measures would

remain stable over the brief instructional pericd. A check ¢n

this assumption gonstituted the first research question since a
rejection of this hypothesis would alter the interpretaticn of
most Tresults.

Hypothesis 2

a) Operational children will perform better than pre-
operational children on the instruction prohlems and
post-instruction tasks which depend on logical-mathe-
matical. knowledge.

b) Operatiomal and preoperatiqnaf children will not per-
form differently on the instruction problems and post-
{nstruction tasks which require only physical knowledge
or measurement technique.

Based on the énalysis which specified the demands wrde by
each instruction problem and post—inétruction ~ask on the develop-
mental ébilitiés of conservation and transitivity, the tasks
were labeled as either logical-based of technique~based tasks.
Figure 2 indicates fhese designations and specifies the pre-
requisites for each problem or task which were used to éetermine
{ts classification. It was hyppthesized that those problems or
tasks which are based on lcgicél—mathematical knowledge would show
the effects of logical reasoning ability. Therefore it was on

this seé&of tasks :hgt d;fferences between high reasoning-ability
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and low réasoning-ability chiﬂi}en were predicted to occur.

Hypothesis 3
a) High M-space children will perform better than low
M-space children on the post-instruction tasks.
« b) High M-space and low M-space children will not per-
form differently on the imstruction problems.

pifferences between low M-space and high M-space children ia

~

measurement task performance were hypothesized to be.evident on

- i

the post-instruction tasks but not on the instructﬁén problems.

-

Each instruction problem focused ‘on one prerequigite skill or
' ¢
concept, while the post-instruction task requZyed the integration

{ .
memory, i.e., an 1nfurmatigﬁ integration caéa;ity, its effect

of these skills. Since M-space represents w9 king short-term’

H]

should be most evident on/those tasks requiring the integration
of newly learned skills or concepts.  Case (1975) points out that
M-space capacity often/comes into play at the point where children

have learned all the prerequisite skills and must integrate them
. / £ .

to complete the superordinate task. Consequently, differences
between the M—spéce‘groups were predicted on the set of post-

{instruction tagks but not on the set of instruction problems.
/ i
Hypothesis 4 ¢
a) Operational children willdrecognize and resolve conrlict
to/a greater extent -han preoperational children.
by} High M-space children will recognize and resolve conflict
to a greater extent than low M-space children.

-

Th;é régresen:s the first of two hypotheses which consider

the me&iating role of cognitive couflici between the developmental
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abilities and performance over instruction., According to Piaget,
a certain developmental level must be reached- before the child is

able to recognize the conflict generated by applying different

. strategies to solve the same task,,and resolve this conflict

by identifying the inadequacy of one strategy or the other.

L

Therefore, operational children should. engage in this behavior to

a greasiitextent than preoperational children. In addition, since

. the construct of M-space is theoretically the functional equivalent,

of Piaget's structural notions, it was predicted that high M-space

children would recognize and resolve conflict to a greater extent

3

than low M-space children.

Hypothesis 5. Recognition and resolution of conflict
will relate positively to performance on the post-
instruction tasks. '

The second hypothesis which concerned the role of conflict
resolution in learning measurement focuses directly on the relation-
ship between recognition and resolution of conflict and subsequent

performance on the measurement tasks. By switching the conflict
’ A}
variable from dependent to independent status this question considers

&

the importance of the ability to recognize and resolve conflict

on the learning of linear measurement concepts. The process of

resclving éognitivv conflict represents a central tenet of Piaget's
position on the relationship between learning and development,

and on the mechanism by which learning occurs. It was therefore

£~
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hypothesized that children who recogniﬁsdgnd resolve conflict
during instruction would Iearn‘?ore about linear measurement than
children who do not.

Descriptive questions.j The statistically testable research

questions in this study deal with between-group differences. These
questions focus on'compatisons of various deveiopmental groups
in terms of their mean performance on the measurement taéks.“
Several questions of interest still remained which could not be
adequately handled by statistical tests. These questions were
addressed using descriptive procedures.

1wo major areas of interest provide the focus for the descrip-
tive anmalyses. The first is the characterization of performance
within particular develop&ental groups.ﬁ Whereas the statistical
analysis employed in this study considers differences between
developmentel groups and indicates whether the high developmental
children learned more, on the average, than the low developmental
children, the descriptive procedures were designed to characterize
the absolute performancé level of individual developmental groups.
The question of interest perta;ns td the constraints which the
lack of developmental abilities impose on learn;nk measurement.
Consequently, this descriptive analysis was directed toward the

low developmental groups and the question was whether these

children had learned the measurement concepts or skills. In other

51 1-vi\i
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words, are certain developmental abilities required to learn
aho;: measurement; and if so, which abilities are required to learn
which concepts or skills.

fhe second area-of interest is a desé;iption of measurement
stra;egie; used b§ individual children or ciusters of children
on 8pecific-measurement tasks. An attempt was made to characterize ¥
the strategies used by the group of children in each cell of the
developmental level matrix. This description contrasted the

_stra:egies‘used by, for ‘example, high M-space operational children
with those used by high M-space preoperational children on Specific
measurement tasks.

A description éf the strategies used by children with different
cognitive characteristics providesAa way of re-analyzing the tasks
from the child's point of view. The logical task analysis used
in this study (see Appendix A) was based on an analysis from the
adult's perspective. While this type of amalysis is useful, it
does not always match the child's anal&sis. Children may spproach
and solve a task in a way which does not correspond with a priori
"logic" and comsequently may succeed from a unique set of pre-
requisites. For instance, some measurement tasks logically involve
the application of the transitivity principle. A comparison of the

strategies used by children who reasoned tramsitively on the

developmental task with those who did not indicates whether in

127
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fact transitivity is required to complete the task in question.
) ,
In summary, a description of the strategies used to solve particular

measurement tasks begins to reveal the way in which children view
\ .
these tasks, and ?he cognitive abilities which are required to
. ¥

solve them.

Background of Methodology

Interest has been expressed recently by educational and
psychological researchers in methodologies which are sensitive
to individual respanéés and individual change. Since the intent
of the current sfudy was to observe the strategies which individual
children use to solve measurement tasks and to instruct-children
in one-to-one interview situations, these methodologies contributed
to the design of the study.

A central feature of many methods which focus on the individuai,
rather than the group, has ?een referred ‘to as cﬁe case study
approach. Stake (1978) and/ MacDonald and Walker (1975) have
pointed out the merits of the case study method in educaticnff)
research. Case studies are designed to describe ané characterize
individuals, rather than gréups. They argue that this approach
can be used effectively when understanding, rather than proof,
is desired. Becguse of their compatability with people's experien-

tial understanding, case studies can be used to increase under-

standing of the phenomena in question. Shulman (Note 14) reiterated

10
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this point by noting the importance of attending to the fidiosyn-
cratic cases—-the ones which do not fit the norm. Here again
the concern is with understanding rather than statistical certainty.
In the area of mathcematicws education research, Ginsburg (1976,
1977) has consistently argued for thé use of ciie&cal interviews
to determine how children think about mathematical problems.
That such interviews may reveal critical aspects of the child's
thinking which do not show up on conventional group &ests has
been convincingly demonstrated by Erlwanger (1875).

Severgl non-traditional methodologies have been used to study

the effects of instruction. Soviet psychologists (e-s-g

Menchinskaya, 1969) have employed longitudinal designs together

with natural classroom settings and individual interviews to

investigate the éffvcts of various instructional approéches on

the development,of children's mathematical concepts (see Kantowski,
Steffe, Leé, & Hatfleld, Note 15). Recently, Piaget and associates
(Inhelder et al., 1974) launched a series of training experiments

designed to reveal {n more detail the mechanisms of development.,

' They suggest several guidelines for studying the effect of

development on learuing. Children's developmental status is
assessed by their performance on developmental tasks logically
related to the learning content. Each child is then followed

over the course of {nstruction. Differences between childrens

179
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in their ability to benefit from imstruction are related to their
initial developmental levels. Wohlwill‘(lg?B) recagnizgs this
as a viable procedure for studying the effect; of one féétor
~on the change in another.

The specific method used ;n this stud; was not identicsl
to any of the methods used in the previously cited investigations.
However, it does reflect the spirit of them all. The study was
a form of teaching exper%ment, but unlike‘the Soviet experiments,
many of the instruction variables were controlled aﬁd protocol§;7 '
were relatively standardized to iﬁcreasé the generalizability
of results. Children were instructed individually following
the principles of case study and clinical intgrvieﬁ techniéues.
Differences between children in their ability to benefit from-
fnstruction were related to their initial developmental levels
in line with the suggestion of Inhelder et al. (1974). Im summary.
the overriding concern in this SCudylgas with individuals' reéponses,
with changes in these reséunses over instruction, and with thé

effect of development on these changes.

Procedures .

The concern with inter-individual differences and intra-
individual change guided the selection and implementation of
procedures. Methods were chosen which would permit a detailed

description of the performance of children of different developmental
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levels as they were learning about measurement. " It was especially
important to characterize the processes or qtrategies which children
userto measure, and the way in which these strategies change over
the course of {nstruction. The remainder of this chapter will
detail the procedures which were used‘fo elicit, record, describe,

. and analyze these strategies.

Sample sclection. The sample consisted of 32 first-grade

children drawn from three elementary schools in Madison, Wisconsin.
Subjects were selected on the basis of tw; criteria: developméntal‘
level and measurement knowledge. A pretest was used to assess
children's developmental status on the Piagetian and information
processing vafiables,.and_to test their existing knowledge of
the meaéurement concepts on which imstruction would be provided.
With respect to the Piagetian variables, children were classified
as concrete operational, transitional, or preoperational based ‘
on their cumulative performance on tasks of length conservaiion
and length transitivity. An equal number of operational and
{S | preoperational children were selected for the study. Operational

. Ehildren were those who su:ceeded on both tasks; preoperstional

. ‘ vere those whu failed both tasks. Transitional children were
excluded from the sample for two reasons. First,'children who

are in the transitional stage from preoperations to concrete

operations exhibit rather unstable performance on concrete ¥
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ope;ational tasks. They are more iikely to be influenced by sligﬁt
changes in task format, percepéual cues, ete. Since some of :he‘
measurement tasks te be ;sed during instruction necessarily
incorporated concepts of conservation apd transitivity, it was
important to only inssude ch@idren who dealt with these cdncepts
in & consistent way, i.e., who responded similarly to'these concepts
across changes in task fgrmat. Second, since this study represented
an ;nitiél investigation in this area it was desirable to maximize
the di{;‘fence in develcpmental levels represented in the samgle, %
i.e., to maximize the potentially differential effects of develap:
ment on learning. )
Information processing capacity, or M-space, was assessed
using a backward digig span test. Previous work (Lawson, 1976;
Carpenter & Hiebert, Note 5) shows that_about anAequal number of
first-grade children fall into one of two categories: those
who succeed with a 3-dfgit series and those who do not. Very
few children fail with two digits or pass with wore than'three
digits. The 2- and 3-digit categories will be referred_to here
as low and high M-space. The final sample included an equal number
of high and low M-space children. Thereforet with respect to the
zgéééigpmental variables, the final sample consisted of 32 children

| witb‘eight in each cell af a 2X 2 matrix of operational/pre~

opééétional by high/low M-space.
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The second portion of the pretest assessed children's existing

knowledge of linear measurement. This part of the pretest was

constructed from the logical task analyses-of the major measure-

‘ment concepts (see Appendix A). The prerequisites identified

through these analgses were of three types: high-level pre-

réquisites which provided the focus for instruction; developnental
A

abilities which were used to select the sample and formulate
hypotheses of where during instruction developmental differehces
would be found; and, low-level prerequisities which were used to
screen subjects from the sample. The first part of the measure-
ment pretest focused on the lower-level prerequisite skills.

Children's performance on most of these prerequisites was
assessed as a part of ﬁther items on the pretest. For example,
the ability to make direét comparisons of lengths was assessed
as part of the length transitivity task. Since instruction wa;
not provided on these skills, children who did not have them

were excluded from the sample. The sample therefore contained

only children who possessed all of the (non-developmental) pre-

requisite skills upon wh instruction would build.

The second part of the

-
forms of the post-instruction tasks which were given at the

asurement pretest consisted of

conclusion of each lesson. These tasks were designed to assess

children's understanding of the major measurement concepts on

133
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which instruction was gi@en. Only children who were unsuccessful on
all of these tasks were included in the sample. This selection pro-
cedure ensured that all children entered instruction with a similar
level of measurement expertise. A description of all theitemscmn;

S
tained in the pretest, along with the protocols for their aduinis-
tration and the scoring criteria, are given in Arpendix B.

A total of 143 children vere pretested in order to identify 32
children who filled the 2 X 2 developmental level matrix and who
satisfied the measurement knowledge criteria. Appropriate procedures
were used for obtaining parent and school permission for subject
participation. All subjects fol whom approval had been received
were preteste&. The pretest items were given to all subjects in the
same order: counting to determine the cardinality of a set, length
transitivity, length comservation, forms of the four post—instrﬁécion
tasks in the same order as‘the instruction lessons,‘and backward'digit
span. In order to reduce testing time and make minimal demands on
students and teachers, pretesting with a particular subject was termi-
nated as soon as the subject was eliminated from the final sample
according to the griteria described above. Cansequent}y, many of the
subjects receivéﬂ only some of the pretest items.

Pretesting ‘began with 35 children at School A. 1Iwelve of these

children were included in the sample; one of them was high Piagetian--

~high M-space, four were low Piagetian--high M-space, and seven were

low Pingetian-~low M-space. Of the 70 children pretested at School B,

14 were included in the sample. Three of these were high Piagetian--

134
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high M-space, six were high Piagetian--low M-space, four were low
Piagetian--high M-space, and one was low Piagetian——low M-space.
Pretesting cuécluded with 38 children at School C. Six of these were
included in the sample; four were high Piagetian——high M-space and
two were high Piagetian——low M~-space. A summary of the pretest per-
forménce of all 143 po:eniial subjects is given in Aﬁpendix H.

The sample size of 32 was selected primarily om the basis of ’
extérnal conntraints such as te&ging and instruction time,
availability of initial pool of subjects, etc. Thirty-two was
considered tlie maximum number given these constraints. A power
analysis was carried out to determine the Frohaﬁility of detecting
petween-group differences of a specified magnitude with this
size sample, With o = ;05, N = 32 (8 subjents per cell), and
n? = .20, the power for two-way analysis of variance tests is
.76 (Cohen, 1977). This is a reasonable level of power.

A vord of explanation is in order about n%, a measure of
the magnitude of differences which are hypothesized to be present
in the population. The coefficient n is interpreted as a partial
correlation cuefficient and n? as the proportion of variance
accounted for by one of the factors with the other factor and
interaction held constant or partiallied out. In this study it

is assumed that 20% (n® = ,20) of the variance in performance

on the linear measurement tasks can be accounted for by population

s
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wembership in either of the developmental groups §Piégetian or &

M-space). The position taken here is that, although n? = .20

i ‘ *
‘{s 3 comparatively optimistic expectation, if the between-group

differences are iess thaﬁ'substaﬁfﬁal in i relatively controlled .
'instruction situation, then the develapmezizz\:;:}hbles have | B
questionable educétional value as predictors of childreg's

ability to benefit from classroom iqétruction. Relatively

large Statistical differences musé exist before they capvée

¢ )
considered educationally significant.

Instruction and Assessment. The data collection procedures

&
consisted of a pre&esc for purposes of sample selection, am

instructional sequence consisting of instructioa and assegsment,
\ ' ~ -
and a™posttest to measure developmental change. It should bde

noted that the procedures whicii were used to assess learning
during instruction were built in as part of the instructional

r .
sequence. For each subject, all testing and imstruction was

!

éan&ucted within a three-week period.
i

After the 32 subjects were selected according to tle criteria

sgecified earlier, they were presented with four instruction -
Y
les®ons.. The lessons were given individually, and each subject

received no more than one lesson per day over the course of 5-6
-

sehool days. Each lesson focused on one fundamental principle

of linear measurement as described previously.
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All of the instruction lessons were designed)to follow a
similar .progressjion. From a developmental-perspective children
learn to represent the lengths of objécts. They are then able
_to use this representation as an intermediary measure to compare
and order two ohjecés on the basis of'lensth. and then to construct
a second length equal to a first. In general, the instruction
.lessons followed this developmental pattern.

Facﬁ lesson consisted of a series of instruction problems
vhiéh focused on the primary prerequisite skills or concepts
required to successfully complete the post-instruction task.

b fhese préhlemé proceeded frpm a simple construction or represen-
tation of'lenéth to a compare and order situatian. Each problem
required the child to measure a length in some way. The experi-
menter then measured the same length in a different way. If

the child had measured incorrectly, the experimenter measured

? ' rocrectly; if'the child had‘measuréd gorrectly, the‘experimenter
! neasured incorrectly in a predetermined Qay. The experimenter

e then asked the child to explain the reason for the different
results. The ﬁhrpose of this procedure was to introduce cognitive
conflict. After the child was given opportunity to résolve this
‘ccnflict, the experimenter verbalized the measurement‘princigle
invelved. Thaﬁ is, the experimenter stated the principle in

sppropriate language so as to make available to the child the
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s
information needed to c;mplate the task. Opportunity was fhe?
given for the child to apply this iﬁfomtion #nd prac:ic‘ the
skill on a task which was similar in structure but different
in form to the initisl task. This task permitted an assessment
of the child's knowledge of that prerequisite skill or concept
after xnstructien. No feedback was given on this practice trisl.
_ . , .
The experimenter then moved to the next.inst;uction problem. -
After all instruction problems were completed the post-ianstruction
tugk was presented. This task was designed to assess the child’s
understanding of the majer‘measurement ;rinciple of ¥ha; lesson.
4 tequiréd an inteératiéﬁnof the prerequisité skills and a
synthesis of the representation and the compare and order operatiéns
covered during instruction. No feedback was given on this task.
A complete description of the instruction problems and the post-
{ustruction tasks for all lessons is given in Appendix C. The
lesson pre;ocols are presented in Appendix D. ;

The instruétign procedure used in this study can be further .
5haracterized by {dentifying its five salient featéres.- First, ﬂst
fustruction was provide§ in a_bne-to~oné~sett1ng.' This format
maximized learning opportunity by eqcouraging-sesdgnt—teacher
interaction, by permitting individualized feedback from the teacher,

and by ensgring a high level of engaged:time for the learner.

The {mportance of enéaged time in learning situations has been

148
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recently demonstrated (Berlinmer, Note 16). Individually admin-

{stered instruction also made possible the recording of individual

- - ~ . e e ——— f—

responses during instruction. It allowed detailed observation
of the processes children used to measure and the ways in which
‘th;y responded ﬁo instruction. )

‘ The second feature of instruction was that children were
required to carry out actual measurements onla series of
instructional problems. This activity oriented‘appéoach en-
couraged on-task or éngaged behavior. It is alga consonant with
viewing the learner as actively engaged in constructing knowledge,
a perspective taken by many psychologists and educators {see e.R.,
‘Elkind, 1976; Lesh, 1973; Osborne, 1976; Wittrock, 1978; Romberg &
Hérvey, Note 17)}. Furthermore, reguiring children to overtly
measure permitted observation of the strategies children used
to measure. This in turn revealed children's conceptiong of
li{near measurement. Requiring children ko actively manipulate

objects in conjunction with questions about these manipulations

has been established as a fruitful way to investigate children’'s

thinking. In fact it is the basis for Piaget's methode clinique.
A third feature of instruction was the attention given to
the logical prerequisites of the instruction objectives. ’Designing
§ A

instruction which accounted for the prerequisite skills c%i}ributed

to the effectiveness of instruction and permitted an inves

- ———

gation



126

of the factors responsible for variation in learning performance.

For example, the post-instruction task, which assessed the effect

of the prece&ing insiructian, represented an iﬁtéér;tiénﬂof the
highest-level prerequisites. Failure on this task could be
attributed to an incomplete mastery of one or more of these skills,
or to 8 failure to integrate them. Children's performance on

each of :h; instruction problems indicated their lével of masgery
of each prerequisite. Assuming an adequate task analysis, maséery
of all prerequisites and failure on the terminal {post-instruction)
task suggested a limited integration capacity (M-space). Therefore,
a less than successful performance on the post~instruction task
could be traced to an incomplete mastery of a prerequisite or

to an inability to integrate these individual skills (see Figure 2).

A fourth feature of instruction was the form of student~teacher
(subject-experimenter) interaction which occurred in each imstruction
problem. The most important aspect of this interaction was the intro-
duction ofﬁ;ognitive conflict by the expeéimenter. A method’ of gen-
erating conflict in measurement situations has been illustrated by
Inhelder et al. (1974). Similar procedures were used iA this study.tl

Situations of cognitive conflict presumably serve to promote
operatiqnal learning (Furth, 1970; Lovell, 1966; Smock, 1976; Hooper
& DeFrain, Note 1). Such situations place the learner in a pasi;ion
which calls for a rethinking or reorganizatioﬁ:cf existing conceptions.

From a Piagetian perspective, the recognition and resolution of

cognitive conflict is a form of equilibration,

1"(’
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_velopment (Piaget, 1971a).
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P

the mechanism postulated to govern operational learning and de~

The fifth characteristic of instruction was its completeness

with respect to providing the information necessary to carry out

the required measurement and providing opportunity for practice.
After children were given the oppo::unigigﬁsmfsfolve the conflict
introduced in the instruction problem, the experimenter verbalized
the measurement principle involved. Tﬁ; children were then given
a problem on which they could practice their newly learned skill.
In addition to promoting acquisition of that skill, the practice
task permitted an assessment of the child's mastery of thaﬁ pre-
requisite skill or concept after instruction. It therefore
provided essential information on the‘role of that particular
p;eréquisite in the child's performance on the post-instruction
task.

Sevgral days after instructiéb}was completed, each subject
was giveﬁ a cognitive task posttest. This consisted of &8 read-
ministration of the cegniti#e developuental tasks which were given
in the pretest: length conservation, length transitivity, and
backward digit span. Theoéetically, performance should remain
stable on these tasks over the brief instruction period. fhe
pﬁstteé: was given to check on this assumption.,

All testiJ and instruction was conducted by the experimenter.

s .
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A trained observer was present during the imstruction lessons

_ to record children's measurement strategies and their responses

to the cognitive conflict situatiomns. N
]

*

Coding Responses

The initisl problem in analyzing data which consists of
descriptfons bf/i:ildren's solution processes or strategies is

one of coding. The overwhelming amount of inform#tion must be
organized and translated intc some managesble form. The dilemma

is that some reduction and scaling of the data is necessary in

order to apply available statistical procedutes and to abstract
general patterns or éhatacteristics from the myfisé of individual
responses; but an over-reduction of the data may lose important
informat fon about individualﬂresponses and specific strategies.

The analysis to be used here degls with this problem by reporting
the results at two levels. Based on pilot studies and a logical
analysis of the tasks, lists of strategies by 3h?ch children could
complete the instruction prﬁblems andkthe post-instruction tasks
were constructed for eacﬂ lesson (seé Appendix E). These strategies
wvere used to classify the processes children used to measure.

The purpuse of this level of coding was to :etain all non-trivial
iﬂforﬁatton on children's measurement processes. This data was

used as the basis for the descriptive analysis.

Some scaling or reduction of the data was required for the



T 129
-

statistical an&gysis. While each of the lists of measurement
strategies ;how‘a general progression from perceptually-bound
to conceptually-based strategies,a complete scaling of all ;trategies
within eac% 1ist was not possible. For example, there are usually
;everal incorrect strategies which evidence a similar level of
understanding of the measurement concept in question. It was
possible, however, to classify all strategies into one of three,
ordinsl categories. The lowest level category included those
strategles based on perceptual judgments and/or showing no resem-
blance to appropriate measurement techniques, The second category
consisted of those strategies which were partially correct, i.e.,
wvhich evidenced some understanding of the measurement principle
in question, but which for some 1eason did not achieve an accurate
result. The inaccurste results were often due to a deficient
measuring technique. The final category was limited to those
stracegiesfwhich evidenced‘an understanding of the measurement

-

principle and which yielded am accurate result. Using these

criteria, children's measurement strategies were scored 0. 1, or
2 on each problem and task. (See Appendix E for the specific
scoring criteria for each problem and task.) These data were used
for the statistical analyses.

In addition to coding children's measurcment strategies,

some measure was needed of children's ability to recognize and

[
4
LS
!



130

resolve conflict during instrnction. Presented with a conflict

situation, children can respond in one of three ways: they may

not recognize the conflict and therefore see no need to resolve

;he different results; they may recognize the conflict but not
be able to resolve it; or, they may recognize the conflict and
resolve it by explaining or demonstrating the reason for the

different results. Using the more specific scoring criteria

given in Appendix E, children's responses in the conflict situation

were classified into one of these three categories and scored O,

-

1, or 2.

Taken together, the scores for measurement task performance
and the conflict scores generated a vector wbiéh characte;ized.
in a éuantitative way, each subject's perforﬁance throughout
instruction. Figure 3 identifies the instruction problems snd
the post-instruction tasks, and depicts the vector of scores
which was constructed for each subject. All statistical snalyses
were based on these data.

Observer Agreement. As indicated previously, observers were

trained to record and score children’s measurement strategies
and their responses to the conflict situations. Two observers
wvere trained using videotapes of first-grade children receiving
the instruction lessons from the experimenter. In line with the

recommendaﬁions of Prick and Semmel (1978}, obdserver agreement -
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was computed both prior to, and during, data collection. For '
purposes of computing observer agreement prior to gats collection,
an additional tape was shown of one child receiving all four
dnstruction lessons. Since the basic unit of analysis vas the

score assigned to each measurement strategy and_each response to

the conflict situation, the percentage of observer agreement was
computed from these scores. Using the experimenter as the criterionm,
Observer A agreed on 91.7% (11/12) of the codeable measurement
scores and 75% (6/8) of the codeable conflict scores. Observer

B agreed on 1002 (12/12) of the codeable measurement scores and
87.5% (7/8) of the codeable conflict scores.- Due to probleus
associated with video-taping, one conflict response and one
measurement respons; wvere unclear and were not scored.

To check observer agreement during instruction, the experimenter
scored the responses of several children, selected at random, for
each instruction lesson. To éompute percentage of observer agreement,
three protocolg_for each,les#on were randomly seiected from this
set. Since ouly one observer was present for a particular lesson,
the agreement for Observer A could only be computed for Lessons 1
and 2, and that for Observer B for Lessons 3 and 4. Using the ! £
experimenter an the criterion, Observer A agreed on 94.2% (17/18)

of the measurcmiont scores and 83.3% (10/12) of the conflict scores.

Observer B agreed on 100 (21/21) of the measurement scores and
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93.3% (14/15) of the conflict scores.

N ——

Analysis Procedures

Statistical analysis. Information was coliected from each

—

- child in this study on 24 measures. One of these was a collective
measure of Piagetian operational level with respect to length;
one was a measure of M-space or information processing capacity;
nine were measures of ability to recognize and resclve conflict;
and the remaining 13 were the linear measurement assessment tasks
presented during instruction. Some information on the relations
between these variables was av: {l1gble from logical analyses.
For example, a subset of the linear measurement tasks we;e closely
related from a logical standpoint since they required logical-
mathematical knowledge for solution. The complementary subset
of tasks were also related since they depended primarily om physical
knowledge or me uirement technique (see Figure 2). It was this
kind of information that was ut{lized in the statistical analysis.
Dif ferences between the Piaget{an-level groups were investigated
using a partitioning of tasks along the dimension iogically
related to the Plagetian variables. A similar logic held for
investigating M-space between-proup differences.

The statistical procedures which were used will be described
with respect to the research hvpotheses presented earlier.

Hypothesis 1 (see p. 107) was tcested using the Pearson goodness-of-fit

=
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test (Marascuilo & McSwecney, 1977). This is a hcnﬁaramet:‘g\ P
te;t Hhiéh measures the agreement between an obtained distribution -
and a cheore;i;;imgf4;;;;;;;&78£;£;;b§£;;ﬁ. Theofetically, _ .

performance on .the Piagetian and M-space tasks should remain
relatively stable over a short time period. Consequently it was
expected that the sample would be equally distributed over the
cells of thé 2 X 2 developmental level mat¥ix on the posttest.
Analysis of variance procedures were used for hypotheses 2
and 3 (see pages 108 and 109) with Piagetian operational level
and M-space serving as the independent variables. These hypotheses
focused on differences botween the developmental groups in
performance on the méasurement tasks. Since the logical analyses
indicatéd the particular tasks on which these differences were
expected to occur, the scores were aggfegated as follows. With
respsct to the Piagetian factor,scores on the logical-m&thematical
tasks were summed to create one dependent variable (hypothesis 2s) .
and scores on the technique tasks were summed to create a second
dependent variable (hypothesis 2b). The tasks were par;itioned
in a different way to investigate'the effect of M-space. The sum
éf scores on the post-iunstruction or integration tasks formed one
dependent variable (hypothesis 3a) and the sum of scores oﬁ the
instruction problems or {ndividual skill task#bformed a second,

dependent vatiahle-(hypothesis 3b). Reliability coefficients

gy
£a
-
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were computed to measure the internal comsistency of each set
of scores.

It should be Qoted that the partitioning of tasks for hypotheses
.2 and 3 represented two different aggregations of the same set of
scores, hence tests of the hypotheses are not statistically inde;
" pendent. This is reasonable, however, since all the tasks were
snalyzed from two different perspectives: One analysis involved
the logical-mathematical component or th; de&ands ﬁlaced on logfgnl
reasoning abilities, and a second analysis involved an integration
component or the demands placed on M-space. Since all the tasks
were represented in both partitionings, there was potential for
an interaction between the developmental factors. For example,
threc of the four post-instruction tasks were logical-mathematical
tasks. It may have been that children needed to be developmentally
advanced along both dimensions to successfully compleﬁe'these
tasks. Two-way analysis of variance procedures were used to test
these possible interaction effects. However, for hypothesis 2,
primary interest was on the main effect of the Pilagetian between-
group difference, and, for hypothesis 3, the M-space between-group
difference.

Hypothesis 4 (see p. 110) was also tested using analysis of
variance procedures. The 1ndependentlvar}ables were Piagetian

operat{onal level and M-space capacity. The dependent‘variable

e R
I
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was the sum of scores on the recognition and resolution of conflict
MERABUTIES.

Hypothesis 5 (see p. 11) was treated as a regfession problem
with recognition and resolution of conflict‘serving as the'igde-

pendent variable and post-instruction task performance forming the

dependentrvgriable. Both variables were measured by simply summing

v. . -

scores through instruction. -

_‘ Descriptive analysis. The primary objective of the deseriﬁtive
analysi; was to charscfarize performance within a partgcuiar
developméntal group. Contingency tables were pregafed for each of
the measurement tasks shoging the number of children in each
developmental group who obtained a particular score on each task.
This information was used to determine whether 4 given task is
accessible to chil&ren who lack the logical reasoning abilities
or who have a small information processing capgcity.

An attempt was also made to characterize the measuring

strateéies used by children in each cell of the devel. pmental
level matrix. The focus of this descriptiv%)nnalysis was on the
types of strategies used by children possessing certain cognitive
charac:eristiés. For example, some measuring strategies appear
to involve the application of logical reasoning gbilities (i.e.,
conservation and transitivity). The question {s ghether children

who do not conserve or reason transitively employ these kinds of

1t
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strategies. This information may provide some insight into the

way in which these developﬁental abilities affect ch}ldren's
- - * P

measuring. performance. i '

A final quéstian of interest yhich was addressed using

descriptive procedures is yhether information processing capacity
affects children's abﬁ%ity to integrate 1ndividually mastered

skills in solving a superordinate task. In this study, the in~

L J

struction problems represented individual skills which were logically
required to complete the post-imstruction task. A frequency count
of the numher of children in each developmental group who' mastered

the prerequisite skills but failed the post -instruction task

‘ T,
indicates whether a high capacity was necessary for, ot facilitated

the integration of separate skills.
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Chapter V

RESULTS

s

The results of the study will be presented for each of the
hypotheses given on pp. 107-111. These hypotheses are restated
here in null hypothesis form. In most cases statistical tests
were used to assess differences between the developmental groups
on various aggregations of measurement and conflict scores. Per~
Eormance on individual measurement tasks will also be described
both quanfitatively and qualitatively. Tﬁis analysis focuses on
a characterization of performance within each cell of the de#elop-
mental lewel matrix and descriptive comparisons between cells on

.particular tasks.

Stability on Developmental Variables

Hypothesis 1, Children's performance on length conservationi
- le transitivity and backward digit span will remain stable
oven short-term instruction on linear measurement.

Null Hypothesis 1. The observed frequencies on the posttest
will ot differ significantly from the expected frequencies of
equal bers in each cell of the developmental level matrix.

Performance on the posttest length conservation and length

tfansitivi;ﬁktasks showed that four children had moved from pre-
operational éo transitional and two children had moved from opera-—
tional to transitionmal. ﬁith respect to performance on the back~-
wgrd digig spar iask, omne ch%ld had moved from lqg M-space -to high
M-spa~e and thfee children had moved from high M—s;:Ee to low M-

space. -Therefore, compared to pretest performance, about 81% of

-4
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the subjects gave identical rcsponses on the Piagetian postiest and

* about 88% of the subjects gave similar responses on the backward

digit span posttest.
In order to conduct a8 liberal statistical test to detect
significant shifts in the sample, changes on the Pilagetian tasks

were treated as changes from one level to the other rather than as

changes to transitional responses. Using this modifitation, Table

1 shows the expected aﬁd obscrved distributions on the posttest
developmental tasks. |
Comparing these tw; distributions, the Pearson xz statistic
for goodness;of-fit i; 2.75. This is well below the critical value
of 7.81 (G--65. df=3). Thercfore the hypothesis of a nonsignificant
systematic shift in the sample was not rejected. The remaining
3

analyses were run using the initial classification of subjects.

Effects of Developmental Variables on Measurement Performance

Logical Reasoning 4bility, The first partitioning of the

linear measurement tasks was {n terms of the types of knowledge
needed to coiplete them, i.e., the demands they placed on the

.
logical reasoning abilities: One aggregation consisted of logical-
mathematical tasks ér tasks which logically required length'can—
servation or length transitiv{ty for sclutionm, The remaining tasks
depended primarily on a spec{f{ic measurement technique for

solution. ‘

Hypothesis 2a. Operaticual children will perform better than
preoperational children on the instruction problems and post-
instruction tasks which Jcepend on logical-mathematical

-
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Table 1 B
- ‘ Posttest Performance on the Developmental Tasks-
-
| Observed Frequencies Expected Frequencies ! |
(:: . g ) ( £
{ Information Information -
Processing ‘ . Processing
Capacity Capacity-
High Low High Low -~

\
X Eigh 9 9 High| 8
‘Logical Logical :
Reasoning ] Reasoning
Ability Low | & 10 | Ability Low 8

Table entries represeat number of subjects in each category.
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\\ Null Hypothesis 2a. There is no significant difference in the

\ mean scores of the two Piagetian level groups on the logical-
mathematical tasks.

Means and standard deviations for each developmental group omn
:hé\set of logical-mathematical tasks are shown in Table 2, |
Aﬁal§sis of variance on these scores is summarized in Table 3.

The two Piagétian level groups differed significantly

{ (a=.05) on this set of tasks and the null hypothesis is rejected.

The logical reasoning ability factor accounted for 23.0% of
the variance in children's performance. The low developmental
children had a mean tutél score of 9.13 (out of 16) while the high
r | developmental children had a mean total score of 12.81. .The inter-
action between the developmental factors was not significant. The
Cronbach alpha reliability coefficient for this set of eight tasks
was s+ 73
« .
Hypothesis 2b. Operationsl and preoperational children will
‘not perform differently on the instruction problems and post-

instruction tasks which require only physical knowledge or
measurement technique.

Null Hygpthesis 2b. There is no significant difference in
! the mean scores of the two Piagetian level groups on the
technique tasks.

The prediction in the substantive hypothesis indicates the
expectation that the null hypothesis will not be rejected.
. Tsble 4 presents means and standard deviations and Table 5

summarizes the analysis of variance on the aggregation of technique-

based tasks.
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Taﬁ%e 2
Means ahd Standard Deviations—— T
;ogical-ﬂathemafical Tasks
Information Processing Capacity
Righ Low
X=13.38 | X=12.25 X=12.81
High :
Logical SD=2.20 | SD=3.37| SD=2.81
Reasoning —_ * — ‘
Ability X-9 . 13 X=9. 13 X=G,13
Low SD=4.,94 | SD=3,23}F SD=4.03
X=11.25 X=10.69
SD=4.30  SD=3.57

Maximum score = 16
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Table 3

ANOVA—Logical-Mathematical Tasks

Source of Variation df MS ¥ p< n2*

Logical reasoning

ability (A) 1 108,781 8.529 .‘DQ? «230
Infotmatién processing

capacity (B) 1 2.531 .198  .659 .005
AxB | 1 2531  .198  .659
Residual 28 12,754

#n? indicates the proportion of variation in performance on this
set of tasks explained by each factor.
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Logical
Reasoning
Ability

Table &

Means and Standard Deviations—-

Techuique Tasks

Information Processing Capacity

High Low‘

X=6.88 | X=7.63

High
18R 1 cpe1,25 | spe2.33

X=5.88 | X=7,75

Low SD=1,36 SD=1.75

X=6.37  X=7.69

Sh=1.36 SD=1.99

Maximum score = 10

X=7.25

SD=1,84

) -i-ﬁ .81

Sp=1.80
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Table 5 | L
/ ANOVA—Technique Tasks
Source of Variationm df MS F p< n’* .
Logical reasoning | .
ability (A) 1 1.531 «516 %79 . 014
Information processing .
capacity (B) 1 13,781 4.642 .040 0137
Ax3B 1 2,531 853 .364
Residual 28 2.969
#n? indicates the proportion of variation in performance on this
set of tasks explained by each factorx.
.
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The Piagetian opgration&l level groups did not perform
sisnificantly different on this sét of tasks. The variation in
performance on these tasks is therefore accounted for by factors
other than logi;al reaaoging ability. Although ne predictions
were advanced with regard to the informatian'processing factor on
these tasks, the main effect for information processing capacity
was significant at the .05 level. This factor accounted for 13.7%
of the variance in children's performance, with the low deve-
lopmental children performing beéter (X=7.69 out of 10) than the
high develépmegtal children (E;S.B?). The interaction between
the developmental fsctérs was not significant. Cronbach's klpha

X -’
on this set of five tasks was .67,

Information Eracéssing capacity. The sé;ond partitioning of
measurement tasks was based on the demands which they were expected
to placs oﬁ {nformation-processing capacity (M~space). Since the
post-instruction tasks required an integration of the separate
skills taught during instruction, the’ifgregatien of these scores
preﬁumably represented a high M-space demand score. In contrast,
the instruction problems focused on an individual concept or skill
and the aggregation of these scores represented a low M~-space

. demand score.

Hypothesis 3a., High M-space children will perform better
than.low M-space children on the post-instruction tasks.

~ ,
« Null iypothesis 32, There is no significant difference in
the mean scores of the two M—space groups on the post-

instruction tasks.
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Means and standard devistions on the post-instruction taska ‘

f// are presented in Table 6. Analysis of variance on these data is

summarized in Table 7.

3

Contrary to prediction, the effect of 1hform§tinn #rocetling
capacity on children's ability to master these tasks was clearly
nonsignificant and tHe null hfpathesis is not rejected. The low. .
and high developmental groups had identical mean scores of 3.94
(out of 8). The logical reasoning ability factor was significant,
however, accounting for 31% of the variance in children's per-
formance. The preoperational children had & mean score of 2.88
while the aperational children had a mean score of 5.001 It must
be remembered that three of the four post-instruction tasks were
also classifieé as logical-mathematical tasks. The interaction
‘betéeén the dévelopmental faé;ors was not significant. Cronbach's
alpha for this set of four tasks wss\.zz.

-

Hypothesis 3b., High M~space and low M=-space children will not
perform differently qn the instruction problems.

Null Hypothesis 3b, There is no significant difference in
the mean scores of the two M=-space groups on the . “
instruction problenms. ’

As in Hypothesis b, the prediction here is that the aull

-

x hypothesis will not be rejected,
\‘ _ , Means and standafd‘deviatian: for the set of instruction
problems are shown in Table 8. Analysis of variance on these

scores is summarized in Table 9,

The information processing groups did not differ significantly

- &
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“Table 6
Means and Standard Deviations—
. Post—-Instruction Tasks
Information Processing Capacity
High  Low
Xw4,75 | X=5.25 | X=5.00
High lgpm1.67 | SD=1.98 | SD»1,79
Logical
Reasoning X=3.13 | X=2.63 X=2, 88 ‘e
Ability ~ _
Low  lspei.81 |sp=1.06 | sD=1,45
X=3.94  X=3.94
SD=1.88 SD=2.05 "
Maximuw score = 8
]
<\

ok
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Table 7
ANOVA-~Fost-Instruction Tasks
Source of Variation df MS F p< n2*

Logical reasoning

ability (A) 1 36,125 13.010 .001 314
Information processing

capacity (B) 1 ,000 .000 1.000 .000
AxB 1 2.000 .720 403
Residual ) ‘ 28 2.777

»

*n? indicates the proportion of variation in pgrformance on this

get* of tasks explained by each factor.

TG
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Table 8
Means and Standard Deviations--
‘ ' 7
Instruction Problems o
1 - \
\ . .

Information Processing'Capécity

High Low
- e — /
" X=15.50 | X=14.63 X=15,06
High
SD=1,41| SD=3.74 SDm2,77
Logical
. , Reasoning e T, - =
- | Ability X=11,.88 | X=14.25 X=13.06
‘ Low | gne4.32| SD<2.25 |  SD=3.55
\ -— —
X=13.68 X=14.44
SD=3,63 SD=2.99
Maximum score = 18
"
- ,/’f' '
o ' I B
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g , " Table 9
~ ANOVA--Instructicn Problems
' R \ ,
\‘"\.\ .
B N L ]
Source of Variatjon df MS F p< n*
{ ' Logical reasoning -
ability (A) 1 32,000 3.220 .084 .096
Information processing L
capacity (BN s 1 4.500 .453 .507 .o ©
L
AxB 1 21,125 2,126 .156 ‘

'_ _ Residual ' : 28 5.937

*

&
*n? indicates the proportion of variation in performance on this set
of tasks explained by each factor.
L 8 <
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in their performance on these tasks. The interaction of the
developmental factors was also nonsignificant. Cgonbach‘s alph&

. for this set of nine tasks was .75,

Effects of Developmental Variables on Recognition and Resolution

. -

of Conflict

"ot . Hypothesis & ' . ..
T . 8. QOperational children will recognize and resolve conflict
‘ to a greater extent than preoperational children.

b. High M-space children will recognize and resolve conflict
to a greater extent than low M-space children.

Null Hvpothesis &
» @&, There is no significant difference in the mean scores of
the two Piagetian level groups on the recognition and
— ' resolution of conflict. | \
‘ b. There is no significant difference the mean scores of
the two M-space groups on the recognition and
resolution of gonflict.

A score representing children's ability to deal with cognitivé
conflict was obtaiﬁed by summing the nine recognition aud resolu-~-
tion of conflict scores. Table 10 displays the means and stsndard
deviations on these scores. Tablé 11 summarizes the analysis of B
variance on this deﬁifdent measure. \
Neither the main effect nor the interactiom effect were
statistically significant (a=.05). Therefore, neither of the null

hypotheses are rejected.

o \Relationghig_ﬁetween Recognition and Resolution of Conflict and

§gasurement'Performance

Hypothesis 5. Recognition and resolutian of conflict will
relate positively to performance on the post—iastruction
tasks. e
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: Table 10

L]

Means and Standard Deviations——

i‘ e

Recognition and Resolution of Conflict

‘ Logical
Reasoning
Ability

Information Processing Capacity

High

Low

V(,'-S

4 F
Eigh

Low

X=16.00

SD=1.60

—X-‘ISQSS

SD=2.80

X=12.25

SD=3,92

X=15,.50

SD=3,66

X=14.12

SD=3.48

Max imum

X=15.65

SD=1,66

Score = 18

X=15.94

SD=2.21

X=13.88

SD=4 . 03



155
Table 11
. ANOVA--Recognition and Resolution of Couflict
Source of Variation df MS F p< n2x
_Q

Logical reasoning .

ability (A) 1 34,031 3.473 .073 096 -
Information processing :

capacity (B) 1 19.531 1.993 .169 .058
AxB y 1 22,781 2.325 .139
Residual | 28 9.799

#n2 indicates the proportion of variation in performance on this set

of tasks explained by each factor.

-—

Oy

i
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Null Hypathesishs. There is no significant correlation
between the rccognition and resolution of conflict and
performance on the post-instruction tasks.

The conflict score was conceptually shifted from its

 dependent status in the'previous analysis to independent status

for the present analysid‘ Since the conflict situations were
introduéed as part of the instructional procedure, the post-

{nstruction tasks assessed the effect of childrehfs ability to
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recognize and resolve conflict.on their measurement;performaﬁce. .

Scores on the post-instruction tasks were summed to create a
measurement performance score. A simple bivarisﬁe regression.
between these two variables yielded a cofielation coefficient of
r=.455 and a coefficient of determinatinﬂ/rzi.207. 'fherefore
20.7% of the variation in Qeasuremeﬂ$-performance is explained by
linear regression on the cgnflict va;iable. An F ratio of 7.85
for the regression coefficient indicates that this linear associ-

ation is statistically significant at the .0l level. The aull

hypothesis is rejected.

" Descriptioh of Meésurement Performance

-

Whereas the proceding statistical analyses considered
between~-group differ;nces on groups of scores, the descriptive
analysis focusedeun within-group performance on individual tasks
and comparisons between developmental groups on par;iculér tasks.

. X '
The primary question of interest was whether the developmental

abilities were required to master certain tasks, {.e., whether

C AN e
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certain tasks were “ipaccessible" ﬁq the low developmental
children. An over-all picture of the performance of each deve;
lopmental group can be ohtained from the graphs in Figures &4 and
5. |

The graph in Figure 4 shows that the high developmental group
had a higher mean score on all tasks except three. Conmsistent
with the hypotheses, theuse were thrée of the five tasks on which
Sfﬂuﬁ differences were not expected to occur. The mean seores of
the low developmental group suggest that sil of the tasks except
for the post-instruction(task in_LessSn IV could be mastered by
at legst some of the preoperational children.. Contingency tables
wereeigmputed for each task to check on this conjecture. These

are shown in. Appendix F. Patterns of scores within each task

P .

support the fact that, whilé not as many preoperatiopal ‘children -
Jntasks vere

schieved complete mastery of most of the tasks, th
generally accessible to these low developmental children. The
striking exception to this pattern was the post-imstruction task
in iesson IV. Only two of the 16 preoperati 3;1 childegn scored
above G on this task. ‘Bnth’of these children were fou;; to be in

-

tfansition toward concrete operations on the posttest develop-
mental tasks.

The graph in Figure 5 suggests no clesr pattern. On some
ig;ks, the high H;SPBCG vhildren performed better than the low

M-space children, while . others this ranking was reversed.

i
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The mean scores suggest that all of the tasks were within the
capabilifies of at least some of the low M-space children. The
contingéncy tables provided in Appgpdix F confirm this ubserv:tiau.r
The patterns of ;cures within each task, except one, are very -
similsr for both devélapmental groups. The exception is the post-
instruction task in Lesson III. None of the high M-space childrea
were completely successfullSQ.this task, although nine children

were partially successful.

Deseription of Measurement Stratepies

The measuring,strategies which children used to complete each
task were recorded and assigned a number using the coding scheme

detailed in Appendix E. In order to gkin an understanding of how

N
N

children viewed length and linear measurement, an attempt was
made to characterize the strategies used by children in each deve-
lopmental group on the ﬁgst-inatruction tasks. A complete list og\\\\\ -
tne strategies used by each develoémental group on each post-
— . fnstruction task is given in Appendix G.
%esson One. The post-instruction task in Lesscon ] required
——— e
children to construct a second, moveable building equal in height
to a first building using an intermediate representation (see
Appendices C and D for complete descFiptions of all tasks). Pe;—
ceptual solutions were difficult since the second building was

situated on a hill, The two most frequently used strategies were

& correct strategy, in which the height of the first building was

.
byt a,




161

.
-

represented on the strip and then this representation was used
to adjust the height of the sec&nd building, and an incorrect ’
strategy in which the strip was laid horizontally and the second
building was made "just as high in the sky." Both of these
strategies-were used by at least some cbildten in each cell of
the developmental level matrix. The incorrect strategy reveals a
misconception of length which {dentifies equivalent lengths as
thé alignment of only one pair of endpoints. This éisccﬁception
was evidenced by both high and low devélepmental children. It
is possible, of course, that children simply did not understand
the directions of the task. This problem was minimized, however, \x
by using phrases "just as big" and "just as much room inside"
rather than "just as high," and by demonstrating the meaning of
these directions on a preceding problem. o |

From a logical ggrspective, transitive reasoning is iﬁvclved
in applying a correct measuring strategy in this task. The inter-
mediate representation is used to indirectly compare the heights
of the two buildings. However, eight of the 16 preoge;ational
thigdren used this kind of strategy. Even though these eight
!children failed the length transitivity task, they were able to
apply a measuring strategy which would seen to invol?e this kind
of reasoning.

In summary, it is difficult to distinguish between the

developmental groups in terms of the strategies used on ihe Lesson
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I post-instruction task. Both low and high developmental children
used both unsuccessful and successful strategies. Consequently it

{s difficult to identify the role played by the developmental

~

abilities in naafering this task.

e

Lesson Two. The post-instruction task in Lesson II required

children to construct a straight path equal to a polygonal path
using a collection of Cuisenaire rods. Two strategies, one correct
and one incorréct, were used most frequently. The correct strategy
involved matching a selection of Cuisenaire rods with the given
path and then iaying them out to make the required straight path.
The incorrecE’SCrategy was a simple perceptual sclution in which
the straight path was made to "1ook just as long" as the polygonal
path. The correct strategy was used by at least some of the
children in all four developmental groups. The incorrect strategy
was used by at least some children in all the developmental groups
except for the high Piagetian--high M-space group. All of these
eight children employed some kind of matching strategy.

A particular kind of error, which may signify an over-confi-
dence in measuring ability, was committed only by high M-space
children. This partially successful stratégy involved matching
rods with the given path but anly'in approximate and less than
careful fashion. | v

As before, it is difficult to completely characterize the

measuring strategies used within developmental groups, or to
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distinguish between develepmen}él gfoups. In other words, it
is difficult to idéntify the.effect which the develdﬁmentgl abil-
ities had on children's measuring strategies in this task. It
is clear, however, that even low &eveiapmental children cquld

apply appropriéte strategies to solve the task.

Lesson Three. The post-~instruction task in Lesson III re-

quired children to construct a second length equal to a first
length by using unit iteration. A single Cuisenaire rod was
" provided Yor measuriné; an’ accurate measuring technique had been
demonstrated on the instruction probléms. ——

The majority of childrén solved this task using some form
of unit iteration. However, onl} six children were completely
.successfuls the fés; achieved an inaccurate solution due to some
problem with the measuriné technique., The most striking result
was that all-six of these successful children were low ﬁ—space -
children--not one of the high M-space children was completely
. successful on this task. The preponaerance;of errore made by
the high M~-space children were technique-cr&ented. Althcugh an
accurate technique had been demonstrated and practiced during
the lesson, 11 of the 16 high M-space children used an approx-
imate or careless form of iteration on the post—instruction task.

As in the post~instruc£ien task in Lesson II, a simple

perceptual strategy was used by at least some of the children in -i '

all of the developmental groups except for the high Piasgetian--

T3
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high M-space grouﬁ. While none of these eight cﬁildren were com-
pletely successful, seven of tﬁem suffered only from a technique~-
based prublém.

» The remaining three cells of the developﬁental matrix were

more difficult to characterize. Both low M-space cells contained

*

children who used the most primitive strategies-and children who
used the most complete and accurate strategies. The logical
reasoning abilities apparently had- little effect on which mea-

suring strategies children used.

Lesson Four. The post-instruction task in Lesson IV re~

quired children to comstruct a straight path equal in length to

L3

a polygonal path using unit rods of shorter length. The polygonal

path was constructed with 7 cm. Cuisenaire rods and the children
4

.were given a collection of 5 em. Cuisenaire rods. Two strategies

wéfe used most often on this task, one correct and one incorrect.
The correct strategy required attentidn to both unit number and
unit size, and consisted of laying out more short units to com-
pensate for their smaller size. The most frequent incorrect
strategy reéulted from attending to only one dimension, unit num-
ber, and laying out "just as many" short units as there were long
units,

While M-space did not seem to affect children's strategies on
this task, logical reasoning abilify diW seem go_h&Ve a definite

effect. Thirteen of the 16 opg;ational children attended to unit

. K,:d (A
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size as well as unit number in their solutioans. In contrast, only
twoof the 16 prebperational children attende%kta both dimensions
in their solutioms. Both of these children wetdé found to be
in the transiticnal'étage on the*posttest Pisgetian tasks.

fhree of tg;>l§ operational children who attended to unit
size did pot achieve a complete sclution, but rather used a
strategy which ccild be classified ‘as transitional between re-
cogniz{§§ anly_the numbgr dimension and coordivat (3 bbth dimen-
siocns of number and‘size These three children recognized the
difference in unit size but did not account for'the sum of theséf
differences. They suggested that a 'oad with the "same numi 2r o§°'
short units was the best solution given the materials, but that a
campletel} accurate sclution required the addition of "a little
piece" equal in length tothedifgarence of one pair of units
(1{.e., 2 am).

Two strategiés were &sed most frequently by the preoperati -nal

children, Seven of the eight low M-space children uged a simp i

counting strategy and laid out just as many short rods as there
<

]

were long ones. TFour of the eight high M-space children con-
structed their road sc that the endpoints of the two roads were
aligned, i.e., they ignored the polygonal path of the first road.

This solution required fewer short rods than long cnes and was

i 4
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in some sense more primitive than the numb strategy.

A

Effects of Instruction Problems on Post~Instfuction Tasks

Each of the instruction lessons involved several imstruction
problems and a post—instruction.:ask. The instruction problems
focused on a single skill or concept and the post—instruction task
represented the integration of these individual skills and con~
cepts. F?ilure on the post-insfruction task can be viewed as the
result of a failure to master ome or more of the prerequisites or
as a failure to integrate éhem. Table 12 accounts for all fail-
ures on the four post-instruction tasks in one of these two ways.
For purposes of table construction, "failure" was considered to
be anything less than mastery (i.e., a score of J or 1 on a given
problem or task). c

The pattern of performance between ciiy&ns is not markedly

diffe;ént. The high M-space group evidenc®d almost as much

"difficulty as the low M-space group in integrating the individual
’ 0§

skills ar\foncepts mastered during instruction.

_ A cum;arison of row performance suggests that a greater
prcpbrticn of failures within the low Piagetian level group in-
volved failure on prerequisite skills or concepts. As the
analyses in Appendix A illustrate, some of these skills or con-
cepts madeyaireci demands on‘the logical reasoning abilities of
conservation and transitivity. =
Only in Lesson IV did the majority of failures on the post-

instruction task involve mastery of all the prerequisites and a

N

.

#
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Table 12
Failure on Post-Instruction Tasks

in Terms of Prerequisite Skill Performance <

.Information Processing Capacity

High Low

A. 10 A. 10
High
Logical Bl 9 BQ 8
Reasoning "y
Ability A. 18 | A, 14
Low -
B. 4 B. 9
A. TFail one or more instruction problems (prerequisites)

and fail post-instruction task

Master all instruction problems (prerequisites) and fail
post-instructinn task

Table entries represent total number of occurrences

1§<I
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failure to integrate or apply them. This was in spite of the'
fact that tﬁe instruction problems required a recognition of the
principle upon';;ich the post-instruction task was based. Many
children were able to verbalize the inverse ;elationship between
unit number and unit size and recognize this principle in
facilitating contexts, but weré not able to apply the principle

to solve the post-instruction task.

18D
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Chapter VI

DISCUSSION

The primary purpose of this study was to examine the effect of
several logical reasoning abilities and an information processing
capacity on children's mathematics learning. Thé specific question
of interest was: How do these developmental abilities affect
children's ability to learn certa?n basic concepts and skills of
linear measurement? A secondary purpose of the study was to ex-
plore the mediational role in this.learning pfhcess of recognizing
and resolving cognitive conflict. Is the ability to recognize and
resolve conflict in 2 Lg@%hing situation related to developmental
level, and does this ability facilitate the learning of measurement
concepts and skills? The first section of this chapter will pro-
vide some interpretation of the results with respect to each of
these questicns. The second section of the chapter will outline
several limitations of the study, and the final two sections will
suggest sume i&plications of the study—-for instruction and for
future resaarch,

Interpretation of Results

Logical reasoning ability. The logical task analysis carried

out prior to instruction suggested that some of the measurement
tasks on which children were instructed made significant demands
on the ability to conserve length and reason transitively, and

other measurement tasks did not. Di{ferences between

Isa
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preoperational and operational childreq vere predicteikan.the former
set of logical-mathematical tasks but not on the latter set of |
technique tasks. The resuIQ; supported these predictions.
.

Therefore, the?phility to conserve and reason transitively
did seem to affect children's learning of measurement.‘ Furthermore,
this effect was_specific to certainfconeepts and skills, In other
words, the Piagetian concepts Qf conservation and transitivity
affect children's mathematics learning, but this effect depends on
what is being learned. The distinction between technique-based
tasks-and logical-mathematical tasks seems to be & productive one
in this regard. Children who possessed the logical reasoning
sbilities performed significantly better on the logicsl-mathematical
tasks but not on the technique tasks. The implication of this
result is that relationships between these logical reasoning abil-
ities and learning mathematics concepts are specific rather than
general. Certain Piagetian notions affect the ability to léarn,
‘particular kinds of logically related mathematécal concepts, but
do not necessarily predict children's performance on al} mathe;
m;zicat tasks. This conclusion is consistent with the synthesis
of previous research presented in Chapter III, and helps to
explain the conflicting res&lts of earlier studies (compare, for
example, Mpiangu & Centile, 1975 with Steffe et al., Note 6).

The descriptive data, which foeused om within-group performance
on the measurement tasks, suggest a further refinement of this
interpretation. The way in which the logical—reascning ébilicies

~

[
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affected periormance on the measurement tasks scomed to differ,
even,within the\set of logicsl-mathematical taskg. Although the
mean performance of the operational gréuplexceeded the mean per-
formance of the preoperational group on every logical-mathematical
task, only the post-instruction task of Lesson IV was beyond the
Aiearniug_capabilities of the preoperational children. That‘is,

&t least some of the low Piagetian-level children were able to
master most of the logical-mathematical tasks. . Lven though these
children failed to conserve or reason transitively on the Plagetian
tasks, they were able to carry out measurements which,~from‘$
logical perspective, required comservation oOr transitivity. Fur-
thermore, the strategies which they used to measure logically re-
quired the application of these principles. .

‘ This finding illustrates the difficulty of developing a
logical task analysis which matches the child's analysis of the
task. The analysis of the post—instruction task in Lesson I, for
example, included transitivity a8s a logical prerequisite., However
some children who failed the transitivity task were able to com-
plete this measu;ement task successfully. Obviously, the appropri-
ate measurement st¥ategy did rot vequire the form of transitive
reasoning which had been expected, Carpenter (in press—-a) suggests
that this kind of result further demonstrates the fact that chil-
‘dren's logic is not cong:uené with adult logic. Children who do
not possess comservation or transitivity are also incapable of

reasoning that the absence of these abilities should have any

#,

a
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consequences for their measuring behavior.

It may have been t;;: the measuring skills which were taught
during the lessons provided the children with techniques which
allowed them to circumvent the logical concepts imvolved. In
other words, children were able to learn and apply & measuring
skill without thinking about the logical basis for its use.

Whatever the explanation for these findings, they do poiant
out the deficiencies of the logical task analyses developed for
this study. The results suggest that it may b&hd§fficult, in
- general, to carry out an adequate a priori task analysis. The
observations of children's solution processes is'suggested to be
an essential part of cny analysis which atteﬁpts to identify
the component skills or concepts required to master.a particular
task.

One of the most striﬁing results of the study was .the poor
performance of the preoperational children on the post-—instructien
task of Lesson IV. Only two of the 16 children scored above 0
on this task, and both of these children were found td be in
transition toward concrete operatioms on the Piagetian post-tasks.
Clearly, the logical reasoning abilities had a more pronounced
effect on children's ability to master this task than they had om
previous tasks.

An important difference between the Lesson IV post-instruction
task and most of the other logical-mathematical taské‘was that it

required no new measuring technique for sdlution. Whereas the
/

|
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first three lessons included instruction on a measuring skill
or technique which was needed to complete the tasks, Lesson IV
focused on the logic of the inverse relationship between unit \
number and unit sfze. No new messuring technique was taught.
It may have been that the preoperational children were not able
. to improve their understanding of this logical concept, and without
s measuring skill or technique to compensate for th%s—%ack of
understanding, they were unsble to improve their perfofmance on
the task.
There is also another §ay to interpret these results.
Carpenter {(1975) notes that applying the inverse relationship
between unit number and upit size to énlvg a measurement task re-
quires the simultaneous coordine - two dimengions-—number
and size. In more general terms this requires &n ability to de-
center,; to atten% to several aspects of the prohlem at once
rather than centering on only one dimension. This developmental
sbility, frequently emphasized by Piaget (1952, 1960; Piaget et al.,
1960), is'also required to complete the conservation and t¥ansi-
tivity tasks. In this sense, the twe Piagetian tasks and the
post-instruction measurement task in Lesson IV are structurally
similar. This similarity may have accounted for the near perfect
predictability of performance on the measurement task from
Piasgetian operational level.
The results of this study further indicate that the

-
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decentering process required to comﬁiete these tasks is not ac~
quired by specific instruction. The status studies of Carpenter
(1975) and Carpenter and Lewis (1976) demonstrated that even
though children recognize the inverse relationship between unit
number and unit size, they are unable to coordinate these two
dimensions in solving a conservation-~type problem. The results
reported here extend these findings by showing that, 1if children
do not already possess this decenterﬁng ability (as measured by
conservation and tramsitivity), theyida not acquire it with specific
instructional experiences. The descriptive data indicated that
the majority of children who failed the post—instruction task had
mastered the instruction problems. They had therefore learned to
. recognice that more of the smaller units were needed to measure a
given length. But they were unable to use this infarmagion and
coordinate these dimensiﬁns-in constructing the required length.
Carpenter and Lewis (1976) hypothesize that “children do not
develop the notion of the inverse relationship between unit size
and number of units through experience measuring with different-
sized units” (p. 57). The results of this study support this
hypothesis. To the extént'that measurement problems require the
ability to decenter attention and coordinate several dimensicns
simultaneocusly they are unaffected by specific experiences in
measuring. The ability to solve them seems rather to depend upon

the development of basic cognitive abilities.

T RSt
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Information processing capacity. The results of this study
indicate that information ﬁrccessing capacity, as ﬁeasure& by
backward digit span, has no detectable effect on children's
ability to learn measurement concepts and skills. The measure did
not effectively discriminate begween those_childfen who mastered
the measurement tasks and those who did not. Performance on the
set of tasks where significant between-group differences were
predicted showed that, while there was variation in these scores,

the factor of information processing capacity accounte

of the §ariation‘ Where significant between-group diffgrences were
found, they were in the "wrong'' direction on a logically unre-
lated set of tasks. Low M-space children performed significantly
better than high M-space childre; on the technique-based tasks.
This result is difficult to explain and simply scrves to rein-
force the nonproductive nature of, this measure in the present study.
Severai problems accompanied the attempt to apply this re-
latively recent advance in cognitive psychelogy to the complex in-
— structional setting employed here. These problems are basic ones
-\\\. |
and may explain the disappointing performance of the M-space con-
struct. One of these probﬁems is developing analysis procedures
to dete;mihe the H—spacéxdemand of mathematical learning tasks.
The studies reviewed in Chapter III indicate that M-space does
f

predict performance on a variety of laborétory—type tasks—-tasks

for which it is possible to specify M-space demand. Thidkind of
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analysis requires an identification of the strategies which can
be used to compie:e the task and a sgecificatian of the information
processing capacity needed for the application of each strategy. The
capacity required to hpply a particular strategy must be determined
from the child's point of view. It depends upon the sub-strategies
which the child already has available, the familiarity of the task
stimuli, the way in which the chiid approaches the task, etc. For
artificial and novel tasks, this analysis can be carried out with a
high degree of precision. However school mathematics tasks are much
more complex and are.confounded with previocus experience. A given
strategy may therefore make different demands ondifferent children.
Because of these problems it was not possible to carry out this
kind of refined analysis on the wmeasurement tasks used in this study.
An alternate approach to analyzing the M-space demands of
instructional tasks is suggested Sy Case (1975). This invelves
a3 logical task analysis and a specification of individual pre-
requisite skills or concepts. M-space is' treated as an integration
capacity and the M-demand of a particular task is determined by
the number of individual skills which must be csmbined to complete
the task. In this study, prerequisite skills were specified for
each post-instruction measurement task. The instruction problems
focused on individual prerequisite skills or concepts and the post-
instructiogJ;asks represented the integration of these preréquisites.

Therefore it was assumed that the post—instruction tasks would place

o
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a higher Jomand on children's M-space. Consequently, high M-space
children were expected to be more successful on these tasks than

low M-spuce children. This was clearly not the case. The fact that

. many low M-gpace children mastered the post-instruction tasks sug-

gests that the M-space demands of these tasks did not exceed their
capacity. Low M-space may have been sufficient to complete both
the inStT;cticn problems and the post-instruction tasks. The descrip-
tive data support this hypothesis. Low M-space children had no more
difficulty than high M-space children in putting together previously
mastered prerequisite skills to complete the post-instruction tasks.
Furthermore, the low coefficient of internal consistency for the post-
inStrUthun‘tasks (.22) suggests that this analysis pfocedure did
not sucewd in identifying a homogeneous set of tasks.

A second fundamental problem encountered istapplying the
M-space notion to an instruccional context is one of identifying
an appropriate measure of M-space. Backward digit span has been
frequgntlv used in the past (Case, 1974a, 1977; Lawson, 1976;
Parkinson, 1975} and wa§ used in this study. Intuitively, it is
a valid measure since it requires two abilities which make up
the M-space construct: short-term memory 3and an information
operation or transforming element. The numbers in the task not
only have (o be heid in mind, they have to be held in mind while
operating un them in some way.

Based on this analysis, the backward digit span task seems to

102
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NN
have a degree of face validity. However, it may not b; & pure
measure of M~space. The subjects in thié\study¢gvideneed sone
variab%*}ty'on the 3-digit trials indicating the presence of som;
measurement error. The task may measure other attributes in addition
to M—space, Although the amount cf'error is considered to be small,
some subjects may have been misclassified. This‘introguées within-
‘éroup error variance and reduces the likelihood of finding signi-

ficant between-group differences.

An additional and fundamental question is whether a single

\
w:
e

geneéral measure of M-spa~e is appropriate. Recent work by Case and
associates (Case, Kurland, & Daneman, Note 18) suggests that it may
‘be very difficult to construct a general measure of M-space which
will predict performance on a wide range of tasks. The data indf%é;e
that task variables, such as stimulus familiarity, may be more
important than previously supposed in determining the M-space demand
of a particular task. '"Operational.efficiency" is suggested to be as
critical as M-space in predicting performance on a given task,

Since operational efficiency depends on task variables and on the
subject's available schemes or mental processes, the ability to

apply a certain processing capacity will change from context to
context. In this stﬁdy, cﬁildrgn who evidenced a high capacity

on the backward digit span task may not have been able to apply

this same high capacity to solve the measurement tasks, or

children who were .low on the backward digit span task may have

had a high capacity within the measurement context. Clearly, the

o
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potion of operational efficiency will need 1o ke accmmied for
in future attempts to develop measures of information processing
capacity or M-space which have predictive validity.

The theory of M-space is intuitively promising. Many
instructional tasks require the ability to combine several pieces
oé inqumation in synthetic fashion rather than treating each
pigce }ndependently. As a measure of this abilitf, the notion of
M-space reéresents a fundament#l cognitive capacity. Its useful-
ness_in educational contexts, however, depends upon the possibility
of developing an analysis procedure to specify the M-demand of
complex learning tasks and a single {or myltiple) measure of M-space
which would predicf children's performance on a given set of tasks.
The results of this study suggest that additional basic research is
needed before this will be achieved;

Sigﬁificant results were obtained in this study with respect
to logical reasoning ability but not with tespect to information
processing capacity. The difference in the productivity of these
facgo;s can be explained in.part by the difference in ;Bpir

/.
theoretical and empirical bases. A wealth of reséarch(exists
within the Piagetian tradition which suggests important refine-
- J

ments in applying Piagetian constructs to educational setgings.
. . <

A similar research base has not yet been developed for the

potion of M-space. Such a foundation may be needed before this

construct can be usefully applied to instructional contexts.
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Recognition and resolution of conflict. The cognitive conflict

situations which were used in this study were relatively sijmple
situations which represented modifications of those used by Inhelder
et al. (1974). This form of conflict was selected for the study
because of its instructional effectiveness in measurement situations
(Inhelder et al., 1974; Carpenter & Hiebert, Note 2), and ité
usefulness in soliciting responses from subjeqts which indicate
their understanding of the measurement.concepts. Since the study
employed only this one form of conflict, the results should n&t

be generalized to other modes of cognitive conflict. Appropriate
caution must therefore be exercised in interpreting tgg results.

Two qu€stions were of interest in this study wité respect to
the role of recogmizing and resolving cognitive conflict in learning
measurement concepts. One was whether this ability was available
only to the high developmental level children, a;k the second was
vhether this ability was an important one in learning ﬁeasurement
concepts and skills.

The first question was answered negatively. Low develop;ental
level children were able to recogniée and resol§e conflict, and
the degree to which they did so did not differ significantly from
the highldevelapmental children. This does not mean_that the
ability to deal with cognitive conflict is umrela*ed to deéelap—

mental level. Tt only indicates that, given the way in which

developmental level and conflict resolution were operationalized

-l
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in this study, the capabilities of even the low developmental
children were sufficient to recognize and resolve the specific

conflict intro d during instruction.
&
The second question was answered in a more positive way.

The ability to recognize and res?lve'conflict was found to account
for a significant percentage (20.7%) of variation in children's
measurement pér(nrmance. Children who successfully dealt with
the conflict situation were better able to improve their‘perfir;'
ance on the p;at-instruction tasks.

Some additional caution must be exercised in interpreting the
results with rempect to cogﬁitive conflict. One advantage of
ciinical-type studies is the collection of observations gathered by
the investigator which supplement the qugntitative data. While
these observatiims suffer from subjectivity and cannot be analyzed
statistically, they d§ provide soﬁe insight into the phenomenon in’
question. In this case, th;se anecdotal observations suggest that
the notion of cugnitive conflict empleyéd here ls a difficult one to
operationalize within the instructional setting and is a difficult
one to measure. While many children were quite suécesséul in

explaining why J(d{fferent measurements were obtained, it Qag not c¢lear

“hether cognitive conflict (in the Piagetian sense) had been

generated or resolved. That is, it was difficult to essess whether

some form of meuial re-structuring had occurred.

-

The process of recognizing and resolving conflict is internally
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’ntml‘led.t Children engage in this process when they perceive

L

some conflict‘between their observations and their internal con-
ceptions. It isidifficult to create external situations which
automatically trigger this process, and it is difficult to know .
'when it-ig occurring. Additional wpr$ is needed in refining this
notion of conflict and iﬂ'operatfanalizing it within instructional
settings.

Limitations of the Study

Several limitations of the study have already been noted in
the previous section, particularly with gespect_to the treatment
of the M-space notion. Othgr limitations exist and will be
described here.

Several characteriétics of the sample gelection procedure
iimit the interpretatioﬁ of the results. PFirst, children were
excluded from the sample who were transitional with respect to

e their cumulative performance ,on length conservation and length
transiéivit&. That is; children who passed length coﬁservatian

]
but failed length tramsitivity, or vice versa, were excluded.

This means that it was impossible to determine whether the effect

of the logical reasoning abili;ieg was due to either of these two
¢ abilities individually, or to an interaction between them.

Further resé;rch must be conducted to isolate éhe effects of these

individual abilities. )

A second characteristic of the sample whicp must be considered

-
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‘;;; the bias introduced by éelecting an equal number of subjects
for each cell of the 2 X 2 developmental 1evél matrix. This pro-
ducéd an orthogonal design with resgeéi to logical reasoning
ability and information processing capacity. To the extent that
ﬁhese two factors are related in the population, the sample
used in this study was unrepresentative. 1f, for example, there
is a high correlation Eetweenﬁlength conservation/length tran-
sitivity and backwardtdigit“sﬁan, then the high processing
capacity/low reasoning ability and low processing éapacity/high
reasoming ability-cellé“were over-represented. However, the
lack of interaction effects between ghese'two factors indicates
that this unrepresentative nsture of the sample need not inter-
fese with the interpretation of the results with respect to the
main effects. |

A third characieristic of the sample also affected its
representative nature. The three schools from which the sample
was drawn did not contribute equally to each cell of the develop-
mental level matrix. For éxample, one operational child and eleven
preoperational childreA wéfe drawn from one of the three schools.
This unequal distribution reflects the fact that the majority of
first-grade children in this school'ﬁere at a low developmental
Tevel with‘respect to the logical reasoning aéilities. Aelarger
prcportidn of the children in the other two scheol% were at a

'high developmental level with fespect to these abilities. This

. L1597
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difference is p?ssibly a function of the socio-economic status
represented in the diffetent’school neighborhoods,

The assumption of this study was that the ;ffects of socio-
economic status and home experience were mediated through the
specific factors of cognitive develcément which were employed. It ‘
was asspmeé that, given a particular instruction procedure and a
partiéular level of prior kmowledge, the factor which most directly
affected children's mathematics learning was level of cognitive
development, Consequently, external variables such as soc io-
economic status and school memebership were not included in the
design. | | !

An addiéional limitation of the design was the inclusion’ of
transitional éﬁildren with respect to information processing
capacity. Children were classified as having a span of two or
less digits, or a span of three or more digits. While the dif-
ference between a span of two and a span of three is quite sub-
stantial--theoretically it represents the difference of two
deveiopmental years (Pascﬁal—Leoné, 1970)--the scoring criteria
arbitrarily sorted the transitional cases into one éf tﬁe two
categories. A selection procedure which would have kdentified
and excluded transitional subjects would have yielded diselopmental

groups which differed to a greater degree in information processing

capacity.
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Although such a prcceduré would have produced a design more
sensitive to thé effects of processing capacity, the data indicate

that increased sensitivity would not have altered the findingss

Since not even a trend was detected, it is doubtful that eliminating

some random variance would have produced substantially different
results, Furthermore, the high degree of stability of this factor

demonstrated on the posttest suggests that only a few children were:

" 4{n a transitional stage. Therefore, it is believed that this

limitation did not seriously affect the results.

Another limiting characteristic of the sample was the re-
striction to a single age group nr,develapmental period. Since
new developmental stages bring qualitative changes in intsllectual
abilities, they may also bring changes in the relationships between
learning and development. Different relationships may exist with
childreh of different ages and different developmen:aliétatus.
Consequently,the results of this study should be interpreted
within the context éf the particular age group used here.

This 1imitat;on i{s not overly severe, however, since the
intent of the study was not to answer all of the questions of
léarning and devélopment, but rather to investigate relationships
between specific developmental abilities and specific mathematical

-
content. Therefore the study was purposely restricted, not only

to a particular age group, but to particular dgvelepmental abilities

and particular mathematical concepts within that age group.

b
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Consequently, the interpretations should not only be restricted

to a particular age group, but also to the specific develop-

"mental abilities and mathematics content used here.

A final set of potentially limiting factors relates to the
instruction procedure used. Several characteristics of the in-
struction procedure restrict its generalizability to other in-
strgftional settings. These were outlined in the last section of
Chapter I and could be summarized by saying that this was not a
study on instruction. It 18 not clear how other instruction pro-
cedures would have affected the results. It is tempting to say
that conventional classroom instruction would not remove the
specific constraints of development found in this study, but
this 1s an empificay‘question.

One instructional issue requiring clarification which affects
the internal validity of the study concerns the standardization of
instruction. To what degree ‘did all children receive the same
instruction? This question is important since the interpretation
given to the results depends upon attributing differences in per-
formance to differences in development rather than to differences
in instruction. -

Completely standardi;ed instruction was precluded by ;he
individualized setting and the differential feedback given by the

experimenter, Nevertheless, the instruction time and the opportun-

ity to learn was maintained as constant as possible across subjects,

N
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All subjects received the same tasks, all subjects were required

to deal with conflict situations in each instruction problem, and

all subjects were given the same opportunity to practice the newly-
learned skills. Consequently, it was assumed that differences in -
performance did not.result‘from differences in "{nstruction.

Implications for Instruction

Mathematics instruction which is truly individualized must
provide each student with appropriate mathemagical tasks. The
intent of this study was to investigate whether certain cognitive
developmental abilities could be used to help determine “appropri-
ateness." Presumabiy,‘matheﬁatical concepts or skills which logi-
cally require certain reason#ng abilities or processing capacity
are beyond the learning capability of children who have not yet
developed these abilities. This assumpticn represents one of the
most fundamental implicatioms of cognitive developmental psychology
for the design of mathematics iﬁstruction. The present study is
one of the few to carefully test the assumption.

Caution must be exercised, however, in drawing implications
from this study for general mathematics instruction. dﬁly one
instructional procedure was used, and it differed in significant
ways from conventional classroom instruction. It is not knowm
how other kinds of instructi&n would have affected the results.

In addition, the study focused on only several developmental

abilities and on a limited set of mathematical concepts and skills. “

iw i
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Different relationships may exist between other developmental
abilities and different mathematical content. To the extent that

the following observations move beyound these limitations they

~should be regarded as hypotneses rather than conclusions.

1) The logical reasoning abilities identified by Piaget are
required to learn certain kinds of mathematical ccucepts.
Children in this study who did not yet conserve length or reason

-

transitively were not able to use the inverse relationship between
N v
unit number and unit size in measurement contexts. Presumably,

conservation an& transitivity reprg;ent fundamental reasoning
abilities which are needed to deal with certain mathematical ideas.
Furthermore, the constraints imposed by the absence of these abil-
ities are not removed by specific instruction. Although direct
training was provided on similar tasks, the preoperational chil-
dren did not improve their performance on the final task assessing
their understanding of the inverse relationships between unit num-
ber and unit size.

2) The effects of these ldgical reasoning abilities on mathe-
matics legrning are specific rather than general, In fact, per-
‘formance on Piagetian tasks appears to predict performance on only
a narrow range of closely related mathematical tasks. Consequently,
Piagetian tasks do not appear to be useful as geﬁeral measures of

learning readiness. In this study, conservation and transitivity

\
were found to have no significant effect on learning many

202
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o
mathematical tasks. For example, children who had not yet deve-
loped these abilities performed as well as hig developmental chil-
dren on the skill or technique-oriented tasks, and they were able
to learn some of the logical-mathematical tasks.

3) A cargful task analysis can be used effectively to-
identify'the’mathematical tasks which dggend upon Piagetian
logical reasoning abilities, In this stu&y, tasks which did not

>
make heavy demands on conservation and trahsitivity and which were
skill-oriente were learned equally well by both deéelopmental
groups. Tasks which logically required thesetabilities but which
involved the application of a learned measuring skill were mastered
by some, but not all, of the low developmental children. Tasks
which logically required these abilities and did not involve a
skill component were not maste-ed by the low developmental chil- ’
dren, Clearly, different types of tasks made different demands
on the students' learning capabilities. A; analysis of tasks
along these lines is apparently a productive way to determine the
appropriateness of the task for an individual learnmer.

4) The notion of M—-space as measured by backwardbdigit span
has no immediate application to instructional se!kings. It is
not clear what cifect, if any, this capacitytgas on children's
mathematics learning. Further research, as outlined in the next
section, wi;l neéd to refine this construct before it can be

usefully applicd to the selection of appropriate mathematical
*

>
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content.

S) The problems associéted with measuring the ability Eé
recognize and resolve cognitive conflict mage it of limited use
as an independen{ variable in classroom settings. Although this
ability did discriminate to a significant degree between th;so-
children who mastered the measurement tasks and those who did not,
it is not proposed as a useful readiness measure. It was diffi;
cult to create situations which induced true cognitive conflict,
and {t was difficult to assess when such conflict was occurring.
While this construct may be effectivei& employed in further re-
seaES?. it is of limited use as a readiness measure in the class~

Toom.

.Implications for Futire Research

-

The results of the study indicate that relationships do exist
between cognitive development and ability to learn mathematics,
but that these relationships are specific to individual abilities
and logically related or structurally similar mathematical tasks.
Searching for a single, general measure of development which will
predict children's‘performance on a wide variety of mathematical
tasks may be a futile endeavor. However‘systematigally documenting
relationships between parﬁicular developmgntal abilities and
learning logically related mathematical concepts will begin to
build the "linking science'" which Glaser (1976) had in mind. Such
research will, in a cumulative way, establdsh a store of

¥
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informgtian about the effects né cognitive development on learning
mathematics. This information can ultimétgry be usedﬂsf a basis
from wvhich to select mathemétical content which is appropriate for
individual ‘children. ‘
Tyo lines of resgarch will extend the findings éf this study
_and’ ontribute to lipking cognitive developmental‘psychology to
the design of mathematics instruction. First, relationships between
developmental abilifigs and mathematics learning need to be gstab— -
“lished in other content domains. The work of Steffe et al. (Note
6) on early,number'cgncepts represents a;sFep in this direction.
Secopd,ﬁhe‘effécgg of(variéus instructi?nal tréh{ments on these
relationships need to be investigated. -Only one kind of treatment
was us*;ed inf this study. Further rese‘arch shodld document the
_effect of‘other kinds of instruction on the relationships reported
heré. | |
‘A major contribution of the present study was the demomstra-
t;op of ttzfype'qf prdtedure which can be used to establish re-

lationshigt between developmental abilities and mathematics

learning. ‘Future résearch éhoulé téke into account the follow- ‘)
ing observations.

The analyéis of learning,tasﬁs is an important component of
& successfiiférocedufe.?<In this study it 'was poséib}e to carry

out a detailgd'analysis of the démgrds made by each task omn the

logicdl reasoning abilities of conservation and transitivity.
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* This analysis successfully identified & set of tasks on which

-

-

developmental group differences occurred. - The analysis of

PR,

s . :
tasks in terms of their information processing demand was conducted

. aj/& much lower level of specificity. This relatively super-
ficial analysis did not successfully identify a corresponding
set of tasks on which between-group differences occurred. A fine-

i

grained task analysis, like the one conducted for the Piagetian

o~

variables, may be the key in uncovering the relationshgps which
exist between particulaf devélopmental abilities and mastering
mathematical tasks. Unfcrtgnately, this level of analysis was
—~ " not possible for the ;nformation_prgéessing variable in the‘pres-
‘ent study due to the lack of knowledge -about the information
grdgessing demand of complex mathematical tasks. Further research
is needed within_the-p;ychological domain to ideétify Fhe factbrs
Lﬂhieh affect the processing demand of various school mathematics
ta#ks. Work on verbal learning byxxintéch and associates
.(Kintsch, Kospinsky, Streby, McKoon, & Keenan, 1975;~Kiﬁtsch &
van Dijk, 1978) and on general cognitive tasks by Stermberg
(1977) suggest éossible approaches to this problem.
A logical analysis is nof the final step in specifying task
demands. The results of this study showed that these‘analﬁses do
- not always match children's performance. Tasks which logically

required certain reasoning abilities were successfully completed

by some children who had nof yet developed these abilities.

L
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fask stimuli which are similar to those in the tasks on which
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Observations of the strategies children use to solve the tasks
are essential in understan&ing the demands which a2 given task

-

places on individual children. Analysis of these strategies in-
dicates what, is required, from the childre;;s viewpoint, éo com—
plete the task. SR . | .
Another important component of a methodology designed to
investigate relationships between development and mathematics
learning is the selection of context;épecific measureé of cognitive
development. In this study.'lengtﬁ conser?gtion and length
transitivity iere used successfully to investigété}the learning
of linear measurement. Both the developmental tasks_and the
leaﬁning tasks dealtjwith the attribute of length. Perhaps the
iﬁportance of context-specificity acknowledged by Piaget (1972)
for the formal operational level applies to other developmental
periods as well. Cognitive tasks must be framed in the same
context as the set of tasks on wh}ch performance is predicted.
The context .of the tqsk may be equaily important for uea-
suring information processing capacity. The nonsignificant re-
sults of.this study wi;h respect to this factor may have been
dug.in part to the fact that information-processing capacity was
assessed using a number taék while children's. learning was
assessed within a measurement context. The recent work of éase,

Kurland, and Daneman (Note 18) points to the importance of using

| “ 2ny
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performance is predicted. Further research is needed to identify
measures of information processing cgpacity which are specific to
a given content domain.

] Conc1u§;on

A popular tradition or belief within the mathematics education
community_is that ~children's level of cognitive development
‘affékts their ability to learn mathematics. The results of the
present study indicate that the cradition‘is justified, but only
in part. Certain develoémental abilities affect the learning of
certain mathematical concep;s; and this effect is evidenced in
different ways., For some cohcepts the éﬁiliﬁieénapééar to be 4
essentialy for others they are only facilitative, and for still
others they are irrelevant: The complexity of these relation-
ships underscores the futility of searching for genéral develop-
mental measures which will predict éerformance on all mathematical
tasks. Relationships are specific,'and future research should
be designed to systematically establish these relationships.

Only with this bank of information can developmental differences

between .children be used effectively to select appropriate

mathematical content. s

<y
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Analysis of Post-Instruction Tasks

Construct a 2ad length equal
to & lat using a continuous
representation.

Problem 2

lesson I

21N

T

Pas:—tn::rue:tgn task

Compare and order 2
-} lengths using an in-
termed{ate contiifuous

fcpteltnta:ion.
\\\\\\ -
Problens 1 & 2
Transitivity Techniqud® of using .
of length. . finger or pencil
to mark endpoints.

"“‘“‘/“"‘*L

~ Probles 1

Construct a contin-
wous representation
of the length of a

given obj:ss.‘

I —_ .
Equivalence of
2 lenpths.

Compare directly and
order I objects by
i1ength.

L NT==X

t

Length conser~

of position.

i
|
vation: change | |
!

— - - =4

Relational Line up, end- Identify length
terms: longer, points, {.e., as an attridute
shorter establish of objects: dis-
(length). baseline, tance bet. endpts.

4

Relational
Tern: sane
{length).

These prerequisites were
assessed in the pretest

ss part of the developmental
tasks.

-

tConstyufting the length representation of a given object and ccn:tructin& an
obje!i of a given’length are operationally synonymous.

2 .
-
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\
. " Lessop 1!
+ . “
’ . . \$
o . Construct & , 2nd straight . ‘ ‘ .
path equal to a lst poly- ’ Post-instruction task
gonal path using discrete ) .
1{near seguents.
‘ (YT
) Trohlem 2 “,#"#f Problem 1
Construct s path Construct a Z2nd strafght
equal to the sum path equal to a 1ist ’
of separate linear straight path using -
. segments. discrete linear segoents.
/ M \Prohleﬂs 182
Add{tivity of length: Length conserva- Technique cf :a:ching
total length is sum tion: subdivision rods vith given path
of all linear seg- and change of {conmpare and order
wentis. position. selected rod with re-
paining portion of path),

A S R
-«
. | A | |

Length cay be sub- : ! Relational terms:. L{ne up end-
divided into conti- i longer, shorter, points, estadb-

- guous lincar seg- same (length}. 14sh baseline.
sents. | .

'____,__\

T ident{fy length as an
attri{bute of obiects:
linear distance be-
tveen endpoints.

{ ) A These prerequisites vere
assessed {n the pretest
as part of the develop-
mental tasks.
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Lesson IIl

| Construct & 2ad length equal Q Q Q N

o & Ist using & single unit " Post-instruction task

to weasure, Q """ ? b '
___Problem 3 / \ Problem 2
Compare and order Represent & a length nuserically by -
¢] 2 lengths using* measuring with unics {{iterate);’
their nuncrtcnl construct a length given the number
messure. of units and unit size {iterath).*
- _ e = = )= = - \ Probles 2 & 3 / \ Problem 1
' Relational terums: Technique of mark- Represent & length numer {cslly
wore, less, same | ° ing reference by measuring with collection of
{nunber). i, point accurately units: construct a length using
‘ to iterste units. collection of units given uait

nuxber and unit sfze.

-—\-.—--—.—-—_——-

)
* ' Vhole is coa- | || Point | * This prerequisite
f ' posed of unit | count was assessed by
These prerequisites segoents .t i1 te 8, the pofot-count
vere asscssed in the . item in the pre-
pretest as part_of the ' J _test.
developuental tasks. ' S
} -
. finits subdivide length Total length ix
fnto segments of equall - exact sun of equal
t{ length.®e length segments.**
* \ | \
t : Lesson Il
i tength may ba sub- Additivity of
1 divided into con- length: total
| . tiguous, equal length is sum of
length segnentl LA all linear segsents.
.
| o= = - /_ - . /
N i P
Relational | | Length may-be sub-
term: same | divided into con-
) N {(length). tiguous linear
seguents.**

]
" *In this analysis these tvo processes are operationally :ynony;ous. {.e., they share
i the same prerequisfites. ‘ <

A% These vere all included &5 a part of Problems 1 snd 2.




fonstruct 3 2nd length
equal to a lst using
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. Problems

smalier unics.

182

Given the sape number
) of units, the larger

. unicts will produce a
longér length than the
- soaller units.

Legson [V -

AN

[

Lesson 111

Construct a length of
specified size given
s collection of units.

R M

Fost-instruction task

Problems
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aeasure it than
larger unitg.

Given & specified
length, more scall
units sre needed to

These prerequisites were
assessed {n the pretest
as part of the developuentsl

tasks.

Point
count to
o 8.
S \
| 7 ] . i
Rclationai\\,_mggnpa-e di- Total length iz the Equality of Rclational
ferm: same rectly and | sus of all equal { length. terus: Dore,
{number). order 2 lengt l.i length linear segmen:fr . less{nunber )
i
._.—| /// \\\\ -— _..-;
| fLesson I
J Additivity of length may be !
filength: total subdivided in-
length is aus to contiguous
Hot all 1incar equal length ’
jisegments. segpents. |
- i
| 1 / /;/.__._\_n_.._
Relational identify | Length may be i Relational Identify length |
termed mor length as subdivided {ntuy term: sane ae the linear
lcss the linear || |contiguous lin- | 1 (length). distance de-
Tlength). distance bet) |ear segments, { tween endpoints
endnoints. i 0

ey,
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- PRETEST TASKS AND SCORING CRITERIA
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Pretest Tagks and Scoring Criteria

Point Counting (to 8)

E empties onto the table a cup containing 8 unifix cubes

COULD YOU COUNT THESE TO TELL ME ROW MANY THERE ARE?

COUNT THEM CAREFULLY ' .
If S miscounts them E sayé

COULD YOU COUNT THEM AGAIN. THIS TIME COUNT THEM AS CAREFULLY AS

YOU CAN AND TELL ME HOW MANY THERE ARE. -

Scoring Criteria

Successful: Correct response,

-~

Unsuccessful: Incorrect response.

237
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LET'S PLAY A LITTLE GAME WITH THESE STICKS.

E matches the green measuring stick with the longer of the
two black ones. - |
ARE TH;SE TWO STICKS THE SAME LENGTH OR IS ONE OF THEM LONGER THAN THE
OTHER? WHICH ONE?
SO THIS BLACK ONE 1S LONGER THAN TRE GREEN, AND THE GREEN IS LONGER
THAN THIS BLACK ONE. |
E removes the naan;rins stick and focuses attcntion to the
table. |
ARE THERE TWO STICKS THE SAME LENGTH OR IS ONE OF THEM LONGER? JUST
LOOK AT THE STICKS, NOT THE THINGS ON THE END.
IS ONE OF THEM LONGER OR ARE THEY THE SAME? |
WHY DO YOU THINK SO? N

Scoring Criteria

Successful: Correct resﬁanse and transitive reasen,

Partially
Successful: Incorrect response and transitive reason,

Unsuccessful: Visual com;aridhn (correct or imcorrect

response), : s
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Conservation of Length |

E lays out the two straight wires so that one pair

of endpoints coincide.

LET'S PRETEND THAT THESE TWO WIRES ARE ROADS. IS THERE JUST AS
%

FAR TO WALK ON THIS ROAD AS THIS ROAD, OR IS‘IT FARTHER ON ONE
OF THE RQAnS?'

G Evben?s longer road so the endpoints coincide. P,
NOW IS THERE AS FAR TO WALK ON THIS ROAD AS THIS ROAD, OR IS ONE
OF THE ROADS FARTHER?
(If the respénse is unclear or if the child does not seem to
undgrséand the que;tion, rephrase it as follows.)
IF TWO ANTS ARE WALKING, ONE ON THIS ROAD ASD ONE ON THIS ROAD,
WOULD THEY BOTH WALK JUST AS FAR, OR WOULD ONE OF THEM WALK'
FARTHER?

E bends longer road so that the endpoints of shorter

road extends beyond that of longer road. ,qu

NOW IS THERE AS FAR TQO WALK ON THIS ROAD AS THIS ROAD, OR IS IT

FARTHER ON ONE OF THE ROADS?

(Repeat clarification questions given above if necessary.)

Scoring Criteria
Successful: Correct respdnses after both transforma-
tions. |
Transitional Incorrect response after first trans-

formatibn, correct response after
second transformation.

8 .
'!‘ e v
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Unsuccessful:
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Incorrect responses after both trans-

formations, or correct response after

"first transformation and incorrect =

response after second transformation.
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Pretest Measurement Tasks* . T

Task 1 HERE ARE TWO TéLEPHONE POLES—THIS ONE MOVES UP AND DOWN,

‘DO YOU THINK YOU CAN MOVE THIS POLE SO IT IS JUST AS BIG

AS THE OTHER ONE?
YOU CAN USE THIS STRIP AND THE PENCIL TO HELP YOU MEASURE.

USE THE STRIP TO HELP YOU MAKE SURE THAT BOTH POLES ARE

JUST THE SAME SIZE.
)
& =
| ﬁ"Lg ‘

Task 2 LET'S PRETEND THIS IS A ROAD FOR ANTS TO WALK ON. COULD YOU

. USE THESE RODS TO MAKE A STRAIGHT ROAD STARTING HERE WHICH
HAS JUST AS FAR TO WALK AS THE CURVY ROAD.

‘MAKE SURL YOUR ROAD HAS JUST AS FAR TO WALK.

77
<

‘--.?

Task 3 HERE IS A PIECE OF LICORICE IN A BAG AND ANOTHER PIECE OF
LICORICE IN THE STORE. LET'S PRETEND THAT YOU BOUGHT THIS
PIECE AND YOUR FRIEND IS GOING TO BUY THIS PIECE. COULD YOU

MEASURE THEM SO THAT YOUR FRIEND'S PIECE WILL BE JUST AS ‘bNG

*The complete descriptions of these tasks are similar to those for the
post-instruction t.usks given in Appendix C. The scoring criteria for

these tasks are identical to those fer the post-instruction tasks given
in Appendix E,
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AS YOURS.
HERE IS A RED ROD TO HELP YOU MEASURE AND' A SCISSORS WHICH

YOU CAN USE TO CUT THE LICORICE SO THAT I'l‘ IS JUS'I’ A.S LONG

e ——— C e mime——

AS THE OTHER ONE

USE THIS ROD TO MAKE SURE THAT YOU AND YOUR FRIEND WILL HAVE
&

THE SAME AMOUNT TO EAT.

; CANDY STORE
W —t
1

WE ARE GOING TO BUILD SOME LITTLE ROADS FOR ANTS TO WALK ON.

I WILL BUILD A ROAD WITH THESE YELLOW ONES.

NOW COULD YOU BUILD A STRAIGHT ROAD STARTING HERE WITH THESE
FURPLE ONES SO THAT*THERE IS JUST AS FAR TO WALK ON THE

PURPLE ROAD AS ON THE YELLOW ROAD. w

SUPPOSE TWO ANTS STARTED WALKING ON THESE ROADS, ONE HERE AND
ONE HERE. WOULD THEY BOTH WALK JUST AS FAR?

HOW MANY RODS DOES YOUR ROAD HAVE? HOW MANY DOES MY ROAD HAVE?
SHOULD YOURS (MINE) HAVE MORE? (or--SHOULD THEY HAVE THE SAME

NUMBER?) . $
5 CMl. .

=i

_Il.?
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Backward Digit Span

I WILL SAY SOME NUMBERS AND I WOULD LIKE YOU TO REPEAT THE SAME

NUMBERS, ONLY YOU ARE TO SAY THEM BACKWARDS.

LISTEN CAREFULLY TO THE NUMBERS I SAY. THEN SAY THE SAME NUMBERS
ONLY REMEMBER TO SAY THEM BACKWARDS.
LET'S PRACTICE A FEW.

E presents the following 3 series and provides correct

-

responses for those which § answers incorrectly.

4, 2 |

8, 0

1, 6, 2
THAT'S GOOD. NOW WE'LL TRY SOME MORE. LISTEN CAREFULLY AND
REPEAT THE NUMBERS YOU HEAR ONLY REMEMBER TO SAY THEM BACKWARDS.
Use the response sheet to read the digit series.
For each series read one digit per second. Allow

&8s much time as is needed between series.
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Response Sheet

ggckward Digit Span

Mark + for correct, O for incorrect.

7.8 ____ 7,1, 3 -
0,7 5,8, 7
4y 3 8, 6, 2
5, 1__ 8,1, 7
6, 9 _ 0, 5,3
8,2 8, 4, 1
5,0 2, 4,3
1, & 6, 2, 0
9, 8 1, 7, 6
S, 6 __ ¢ 3, 8,1

Terminate the task after 3 consecutive errors.

Move to the next series after 6 consecutive correct reponses.

Scoring Criteria: Credit i{s given for a series after 6 consecutive

correct responses or at least 7 correct out of 10 responses.

L J
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Description of Lessons

1}

Lesson I

oo oo Instruction Preohlems

Problem 1
The experimenter (E) provided the subject (S) with a blapk
strip and a pencil and asked S to represent the height of the

vase on the strip.

(A1l pictures used
’ ﬂ for these lessons .
‘ ' were drawn on
8 1/2" x 11" tag-
board) )
o d

After S measured the vase, E measured it in a different way

end obtained a different representation. If S had measpred in-
correctly, E measured correctly. If S had measured correctly,
E measured incorrectly by dropping the endpoint of the strip’
below the bottom of the vase. § was asked to reconcile the
different results. E then verbalized the important factors to
be considered in constructing a representation such as this,

S was given a practice problem with instructions similar to

those in the initial problem.
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Problem 2
E provided S with & blank strip and a pencil and asked §

to find out which of the two people was taller. .

-/

After S determined which pegsop was taller E weasured the
people in a different way and obtained a different solution. If
S had measured incorrectly, E measured correctly. If S had
measured correctly, E measured incorrectly in a predéterminedﬁ
way. S was asled to reconcile the different results. E then
verbalized the measurement principle involved in using an iuter-
mediate represcntation to compare and order the lengths of two
objects.

S was given a practice problem with instructions similar

to those in the initial problem.

il P
/ ==
. gQY.‘u\ ’j
4
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Post-instruction &ask . .

E provided S with a blank strip and a pencil and asked S

to "build" the moveable huilding as big as the othex one.

-

. 245 ,
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Lesson 11

Instruction Problems

Problem 1 |

E provided S with a collection of virious length Cuisénaite
rods and asked S to build a “straight road" the same length

as the given road, starting at the indicated point.

. Py ‘

e P
z

t----7

After S constructed a road, E constructed a second road
using a different strategy and arrived at a different length.
I1f S had produced an incorrect solution, E produced a correct
solution by matching rods against the given road. If § ~1id
produced a correct solutiun, E produced an incorrect solution
by vértiéally aligning the endpoint of the constructed road
with the endpoint of the given road. S wasfasked to reconcile
th different results. E thep verbalized the measure?ent
principle and indicated an appropriate comparison procedure
-whiip could be psed to construct equal lengths.

‘S was given a practice prob;em with instructions similar

to those in the initial problem.
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Problem 2

E provided S with a collection of various length square
dowels (7 cm., 9 cm., 14 cti., and 17 cm.) and asked S to ahow

how long the fence would be if the two boards were nailed

together.
)
¢
LT\
%}—‘.:“._
1=---7 ‘
~—

After S constructed a fence, E constructed a second fence
using a different strategy and obtained a different result. If
S had produced an incorrect solution, E praducedﬂa correct

folution by matching dowel pieces against the two boards and

them to form a straight fence. If S had produced a

t solution, E produced an incorrect sclution in a pre-
determined way. S was asked to reconcile the differen} results.
8 then verha}ized the additivity principle of measurement and
indicated an‘appropriate measuring and matching strategy which

tould be used to add the measures of two lengths.

. 250
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§ was given & practice problem with instructions and

'-ate;ials similar to those in the initial problem.

i

Post-instruction Task

E provided S with a collection of various length Culsenaire

“rods and asked S5 to build a "straight road" on which there was

just as far to walk as on the crooked road, starting at the

indicated point,

w e 2?55

N e
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. Lesson II§

\\Instructien Problems ‘ _ »

\\ Problem 1

\ s
E provided S with a collection of ﬁ cm. Cuisenaire rods

and anked § to measure the length of the fence.

- - <::::s¥—¢i::?'1*
AYYY .

) € 20em —p

After S measured the fence, E measured it in a different

Ly

way and obtained a different result. If § had measured incorrectly,
E measured correctly. 'If S had measured carreétiy, E measufgd
incorrectly by leaving_a space between rods and getting a smaller
measurement. S was asked to expléin the reason for these
different‘answers. E then verbalized the.meaép;ement principle
involved in using & collection ef.uhi;§-go measure a given length.

S was given a practice prohiem similar to the initial

problein but using a8 collection of 3 cn. Cuisenaire rods.

= Lan=p
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Problem 2

E provided S with one 3 cm. Cuisemaire rod and asked S

to measure the length of the board.

o s

\\

QY e

) I | pegm—y

After S measured the board, E measured it in a differemnt

way and obtained a different result. If S had‘measured in-

correctly, E measured correctly. If S had measured correctly.

E measured incorrectly in a predetermined way. S was asked

to reconcile the different results. E then vérbalized the

measurement principle involved in unit iteration and demdnstrated

a technique which can be used to iterate accurately. : _‘
S was given a practice problem similaf t; ﬁhe iﬁitiél

problen but using a 4 cm. Cuisenaire rod.

Problem 23

E provided S with one 2 cm. Cuisenaire rod and asked § to
find out which of the two strips was longer. § was encouraged

to use the rod to measure the strips.

| ‘ ' ‘:g'.ﬁ‘a?
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After 5 measured the sttiﬁs, E measured them in a different
- way and obtained a different result. 1f S had measured in-
correctly, E measured correcﬁly. if S had measured cor:ectly,
E measured incorrectly by leéving space between iterations
on the longer strip and obtaining a smaller measure. S was
agked to reconcile the different resulté. E then restated
the principle involved in unit iteration and veréalized the
principle of compéring and ordering lenéths by their unit
measures.

S was given a practice problem similar to the initial °

‘problem but using a 3 cm. Cuisenaire rod.

V5 awn

A2t
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Post-instruction Task

E provided S with a 2 cm. Cuisenaire rod and a scissors -
and asked S to make the second bike pacﬁ in the park Just as
long as the first one. S was encouraged to use the rod to

help measure.

*
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Instruction Problems

Prgglem 1
E constructed a "road" with four 5 em. Cuisenaire rods.’
S was provided with a collection of & cm.‘Cuisenaire rods and

asked to build a road just as long as E's road but staftins

at a different point and going in a different direction.

\Stn.'
\
A\
\

After S constructed the road, E moved the roads parallel to
compare the lengths. S was asked to reconcile the fact that
the same number of rods produced different lengths, and the fact
tyat equal leggths required different numbers‘of rods. E
then verbalized the measurement nrinciple resulting from the
inverse relationship between unit nunber and unit size.

S was given'a practice problem similar to the in%tial
problem but E's road was made with four 3 cm. Cuisenaire rods

'and § was given a collection of 4 cm. Cuisenaire rods.

?--.n‘

Jeh B



243

Problem 2
E placed two strips on the table, one 16 cm. and the other
20 em. S was asked to compare their lengths. After S confirmed

that one of them was longer, E moved them to form a "T".

10 am.

" SuENeeR
‘““l llﬁcn. % l\ﬁm.

S was asked to measure the bottom§§trip using a collection
of &4 cm. Cuisenaire rods and the top strip using a collection
of 5 cm. Cusenaire rods. E then asked again about the relative
length of the two strips. After S rosponded the strips were
moved parallel and S was asged to explain the fact that the
same number of rods were used to measure different lengths.
E then restated the measurement principle resulting from the
inverse relationship between unit nuwber and unit size.

S was given a practice problem similar to the initial problem
but using equal length strips (15 cm.) and measuring the bottoﬁ"

-

one with 3 cm. Cuisenaire rods and the top onme with 5 cm.

Cuisenaire rods.

“
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*

¢ * Post-instruction Task

E constructed a "crooked road" with 7 em. Cuisenaire rods.
$ was provided with a collection of S cm. Cuisenaire rods and

asked to build a straight road on which there was just as far

ol IV N

- e =¥
Sam, -t

to walk.
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LESSON PROTOCOLS
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d.

Problem 2 a.
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Lesson Protocole

Lesson 1

COULD YOU USE THIS STRIP AND THE PENCIL TO MEASURE HOW
TALL‘THE VASE IS?

MARK WITH THE éENCIL ON THE STRIP TO SHOW JUST HOW TALL
THE VASE IS. |
SUPPOSE YOUR FRIEND MEASURED LIKE THIS (Either measure
cbrrectlylﬁy qligniﬁg bottonr of strip with bottom of
vase or measure incorrectly by dropping bottom of
strip below bottom of vase),

WHY DID YOUR FREIND GET A DIFFERENT ANSWER?

WHO DO YOU THINK IS RIGHT?i.“H¥1

WHEN MEASURING HOW LONG SOMETHING IS WE NF¥D TO FIND
«THE HIGHEST AND LOWEST POINT AND ﬁEASURE JUST FROM THE
BEGINNING, POINT TO THE EﬁDPOINT.

Practice (sawe as a. with respecé to tree)

THESE TWO PﬁgPLE ARE HAVING AN ARGUMENT OVER WHICH ONE
OF THEM 1S TALLERf CAN YOU HELP THEM DECIDE‘WHQ IS
TALLFR--YOU MAY USE TRIS STRIP ANﬁ PENCIL TOJﬂELP YOU
MEASURE. ‘

SUPPOSE YOUR FRIEND MEASURED LIKE THIS {(Either measure
.correctly‘or measure incorrectly by measuring g;rl and
thgn dropping bottom of strip‘below feet of boy to have

boy appear taller).

& - "M;;E
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" WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?
WHO DO YOU THINK IS RIGHT? WHY?

c. WE CAN USE THE SAME STRIP TO MEASURE BOTH PEOPLE ANﬁ

L

FIND OUT WHO IS TALLER IF WE BEGIN AT THE SAME POINT
o _
ON THE STRIP FOR BOTH. \ o

. d. Practice A CARPENTER CUT THESE TWO BOARDS AND WOULD
LIKE TO KNOW WHICH BOARD IS LDNGfR: YOU MAY USE THIS
STRIP AND THIS PENCIL TO HELP YOU MEASURE.

Post- HERE ARE TWO BUILDINGS--THIS ONE MOVES UP AND DOWN.

Instruction DO YOU THINK YOU CAN MOVE THIS BUILDING SO IT IS JUST

Task AS BIG AS THE OTHER ONE?

YOU CAN USE THIS STRIP AND THE PENCIL TO HELP YOU

MEASURE. USE THME STRIP TO HELP YOU MAKE SURE THAT THERE

1S JUST AS MUCH ROOM IN BOTH BUILDINGS.

261
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Practice
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_ Lesson 2

~ -

'LET'S PRETEND THIS IS A ROAD FOR ANTS TO WALK ON.

COULD‘YQU MAKE A STﬁAiGHT ROAD gTARTING HERE WHICH IS
JUST AS LONG AS THE OTHER ROAD?

HAKE YOUR ROAD SO THAT BOTH ANTS wfiL HAVE JUST AS FAR.
TO WALK.

IS YOUR ROAD JUST AS FAR?

SUPPéSE YOUR FRIEND HADE-THE'ROAD LIKE THIS (Either
measure correcélyfé& métcg;ng rods along strip and
laying out road or measure incorrectly by using a
perceptual strategy and aldé;ing cndpoint of second
road with endpoint df first road).

WHY DID YOUR FRIEND GET A'DIFFERENT ANSWER?

WHO DO YOU THINK IS RIGHT? WHY?

WHEN YOU NEED TO BUILé ROAD WHICH IS JUST AS LONG,
YOU CAN MAKE SURE BY MATCHING YOUR ROAD WITH THE
OTHER ONE.

(same as 5.) MAKE SURE THAT BOTH ROADS

HAVE JUST AS FAK TC WALK. DO YOU TEINK YOUR ROAD IS

™~

JUST AS FAR? 3 \i
= -

THESE ARE TWO RERWOOD BJARDS. A CARPENTER IS GOING TO

BUILD A FENCE WITH THEM BY NAILING THEM TOGETHER.

L . 2()2

b
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COULD YOU HELP THE CARPENTER BUILD THE FENCE?
USE THESE TO SHOW HOW LONG THE FENCE WOULD BE IF
THESE TWO BOARDS WERE NAILED TOGETHER.
b. (If S éeasure§ incorrectly)
SUPPOSE YOUR FRIEND MEASURED LIKE THIS
. | (Match rods correctly and lay out fence),
WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?
WHO DO YOU THINK IS RIGHT? WHY?
(If S measured correctly)
SUPPOSE YOUR FRIEND MEASURED LIKE THIS
(Lay long rod and show.endpoint ig’vertically
aligned with one of the boardé);
WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?
WHO DO YOU THINK IS RIGHI? WHY?
c. WHEN WE WANT TO FIND'OUT HOW LONG TWO THINGS ARE
' . TOGETHER WE CAN MEASURE FACH ONE AND THEN ADD
THEM TOGETHER. '

d, (Same as a. with respect to building a bench)

Rost - CLET'S PRETEND THIS IS A KOAD FOR ANTS 10 WALK ON.
) Instruction COULD YOU MAKE A STRAICIT ROAD STARTING HERE WHICH
Task HAS, JUST AS FAR TO WALK AS THE CURVY ROAD?

MAKE SURE YOUR ROAD HAS .1UST AS FAR TO WALK.
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Lesson 3

. Problem 1 a. COULD YOU MEASURE HOW LONG THIS FENCE IS USING THESE?
4 cn. rods HOW LONG IS THE FENOE? HOW HANQ«OF THESE?

b. SUPPOSE YOUR FRIEND MEASURED THE FENCE LIKE THIS
f{Either measure correctlv, or incorrectly by leaving
space between each uni‘. resulting in 4 units rather
than 5).

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?

WHO DO YOU THINK IS RIGKf? WHY? (If S doesn't
recognize conflict mesasure again to get 3 units and
repeat questions)

c. WHEN MEASURING WITH RODS LIKE THIS WHICH ARE ALL JUST

THE SAME WE NEED TO KNOW HOW MANY OF THEM IT TAKES

TO GO FROM BEGINNING TO END SO THAT THE WHOLE FENCE

IS COVERED--WITH NO SPACE BETWEEN. ONE ROD MUST BEGIN

WHERE THE LAST ONE ENDED.

3 cm.rods d. Practice (same #s a. with respect to train car)

Problem 2 a. COULD YOU FIND OUT HOW LONG THIS BOARD IS? USE THIS
ROD TO MEASURE IT.

3 cme rod b. 1. (If S measured correctly)
SUPPOSE YOUR FRIEND MEASURED IT LIKE THIS (Measure in—.
corfectly by visually estimating transition points,
leaving space between, ahd getting less units as a

result),
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Problem 3 a.

2 cm, rod
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WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?

WHO DO YOU THINK IS RIGHT? WHY?

2. (If S measured incorrectly) SUPPOSE YOUR FRIEND

MEASURED IT LIKE THIS (Measure correctly using finger
to mark reference points).

WHY DID YOUR FRIEND Gg? A DiFFERENT ANSWER? .
WHO DO YOU THINK IS RIEQT? WHY?

WHEN WE USE ONE ROD TO MEASURE WE MUST BE CAREFUL

TO START THE NEXT ONE RIGHT WHERE THE LAST éNE STOPPED
SO THAT WE MEASURE THE WHOLE BOARD.

ONE WAY WE CAN DO THIS IS TO USE OUR FINGER OR A
POiNfER TO éEMEHBER WHERE THE LAST ONE STOPPED-—-

LIKE THIS (Measure several units along board).

PUT YOUR FINGER BESIDE THE ROD, NOT IN FRONT OF IT.
Practice (same as a. with respect to barn) MEASURE
'rzzgs/éﬁs VERY CAREFULLY.

LET'S FIND OUT WHICH OF THESE TWO STRIPS IS LONGER.
CQuLD YOUAMEASURE THEM TO FIND OUT WHICH IS LONGER?
HERE IS“A ROD TO HELP YOU MEASURE. f

1. (If S neasured co;fectly)

gﬁPPOSE YOUR FRIEND MEASURED IT LIKE THIS (Measure 10
cm; strip (on left) correctly by visually determining
marking points and 12 em. strip incorrectly by
visually estimating and leaving space between rods

to get 4 units),

265
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3 cm. rod d.

Post-

Instruction

Task

2 cem. rod
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WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?
WHO DO YOU THINK IS RIGHT? - WHY?

2. (If S measured incorrectly) SUPPOSE YOUR FRIEND
MEASURED IT LIKE THIS (Measure correctly using finger
to mark reference poiat).

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER?
WHO DO YOU THINK IS RIGHT?

WHY? |

WHEN WE MEASURE WITH ONE ROD WE MUST BE CAREFUL TO

' START THE NEXT ONE RIGHT WHERE THE LAQETBNE'STOPPED.

IF WE MEASURE CAREFULLY USING THE SAME ROD-WE CAN FIND
CUT WHICH THING IS LONGER{BY COUNTING HOW MANY RoDS.
Practice (same instructionms as a. with respect to "T")
HERE IS A BIKE PATH RUNNING THROUGH THE PARK. THIS

IS ANOTHER PATH THAT THEY ARE JUST MAKING. CAN YOU |
HELP THEM BUILD THE PATH SO THERE WOULD BE JUST AS

FAR TO RIDE ON THIS PATH AS ON THAT OME.

HERE IS A SCISSORS WHICH YOU CAN USE TO CUT THE PATH
SO THAT IT IS JUST AS LONG AS THE OTHER ONE.

YOU CAN USE THIS RED ROD TO HELP YOU MEASURE.

/o
b

by
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Leosson 4

I'M GOING TO BUILD A ROAD WITH THESE YELLOW ONES
WHICH LOOKS LIKE THIS (4 rods),

COULD YOU BUILD A STRAIGHT ROAD STARTING HERE WITH
THE PURPLE ONES SO THAT YOUR ROAD IS JUST AS LONG
AS THIS ONE? BE SURE THAT THERE WOULD BE JUST AS
FAR TO WALK ON YOUR ROAD AS THERE IS ON THIS ONE.
IS YOUR ROAD JUST AS LONG NOW?

HOW MANY RODS ARE IN YOUR ROAD? HOW MANY IN THIS ONE?
DO YOU THINK BOTH ROADS ARE JUST AS’ LONG?

LET'S CHECK THEM.

(Move yellow road parallel to purple road)

1. (If both roads were & rods) WHY DO YOU THINK THE

ROADS ARE DIFFERENT IF THEY ARE BOTH 4 RODS LONG?

2. (If roads were same length) -WHY DOES ONE HAVE 4
RODS AND THE OTHER 5 RODS?

3. (If roads were different lengths) COULD YOU MAKE
THE PURPLE ROAD JUST AS LONG?

WHY IS ONE ROAD 5 RODS LONG AND THE OTHER ROAD 4

Rﬂﬁé LONG?

S0 IF 6NE OF THE RODS IS SHORTER WE NEED TO USE MORE
OF THEM TO MAKE THE SAME LENGTH.

Practice (same as a. with 4 light green rods and purple

rods for §) ‘'

2867
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MAKE SURE YOUR ROAD IS JUST AS LONG.

WHICH OF THESE STRIPS IS LONGER OR ARE THEY THE SAME?
{Place strips_fromdintm . ,

COULD YOU MEASURE THE BOTTOM STRIP WITH THE PURPLE ONES?
SO THE BOTTOM ONE IS 4 PURPLES. | ©

COULD YOU MEASURE THE TOP STRIP WITH THE YELLOW ONES?
SO THE TOP STRIP 1S 4 YELLOW ONES.

IS ONE OF THE STRIPS LONGER OR ARE THEY THE SAME?

(1. (1f S says they are different) WHY? BI-IT WHY

DID THEY MEASURE THE SAME NUMBER?

2. (If S says they ar‘e‘ the same) WHY? BUT ONE OF
THEM WAS LONGER BEFORE—-WHY DO YOU THINK IT'S THE

SAME NOW?

3. (Move top strip and rods parallel) WHICH STRIP

IS LONGER?

WHY DO YOU THINK THEY MEASURE THE SAME NUMBER OF RODS?
IF WE WERE GOING TO MAKE THEM THE SAME LENGTH WE WOULD
NEED MORE PURPLE RODS. SO IF YOU ARE USING SHORTER
RODS TO MEASURE SOMETHING YOU WILL NEED MORE OF THEM
TO MEASURE THE SAME LENGTH.

Practice WHICH OF THESE STRIPS IS LONGER OR ARE THEY
THE SAME? (Move xtrips from”t:oT)

COULD YOU MEASURE THE BOTTOM STRIP WITH THE LIGHT

GREEN RODS?

N
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SO THE BOTTOM ONE IS 5 LIGHT GREEN RODS. .

COULD YOU MEASURE THE TOP STRIP WITH THE YELLOW RODS?
SO THE TOP STRIP IS 3 YELLOW RODS.

IS ONE OF THE STRIPS LONGEK OR ARE THEY THE SAME?

WHY?

WE ARE GOING TO BUILD SOME LITTLE ROADS FOR ANTS TO
WALK ON. I WILL BUILD A ROAD WITH THESE BLACK ONES.
NOW COULD YOU BUILD A STRAIGHT ROAD STARTING HERE WITH
THESE YELLOW RODS SO THAT THERE IS JUST AS FAR TO
VALK ON THE YELLOW ROAD AS THE BLACK ROAD?

SUPPOSE TWO ANTS STARTED WALKING ON THESE ROADS, ONE
HERE AND ONE HERE. WOULD THEY BOTH WALK JUST AS FAR?
HOW MANY DOES YOUR ROAD HAVE? HOW MANY DOES MY ROAD
HAVE? SHOULD YOURS (MINE) HAVE MORE? (or--SHOULD

THEY HAVE THE SAME NUMBER?)
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Coding Schemes and Scoring Criteria

Coding Scheme-~Lesson I--Problem 1

&

1. Did not use strip--did not mark beginning and/or endpoints.

1]

2. Marked off a segment corresponding to only a part of the length.

3. Marked off entire length but did not attend to endpoints:

a) did not match highest and/or lowest point.

b) placed sttip off to the side and estimated points.

4. Marked off length correctly.

Scoring Criteria

Unsuccessful (0):

Partially

Successful (1):

Successful (2):

Did not represent length on the strip,
evidenced little understanding of this

concept (strategies 1 and 2).

Represented length on the strip but
result only approximate (strategy 3).
Measured correctly——attended to both

endpoints (strategy 4).
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= Coding Scheme--Lesson I-<Problem 2

1. Did not use strip--pé}éeptual or other solution.

2. Used strip but only perceptually or otherwise (e.g., used
horizontally to align endpoints).

3. Used strip to measure one length or the other (correctly or

\ incorrectly) b;t did not compare Chem.

4. Used strip to compare lengths but incorrect measurement resulted
in erroneous conclugion:
a. line up end of strip with end of page.

b. did not attend to endpoints,.

c. strip was incorrectly placed for comparison of second length,

-~

5. Correct measurcment and comparison.

Scoring Criteria

Unsuccessful (0): Did not use the strip to compare the
lengths (strategies 1-3),

Partially Successful (1): Ccpared lengths with the strip but
incorrect procedure led to erroneous
conclusion (strategy &), .

Successful (2): Correct measurement and comparison

(strategy S). v

2
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Coding Scheme--Lesson I--Past-Instruction Task

§

1. Did not use strip--perceptual or other solution. )
2. Used strip but only perceptually or otherwise (e.g., laid strip
horizontally). .
3. Used strip to measure one length but not the other.
4. Used strip to measure both lengths but did not messure the
léngchs themselves.
5. Used strip to measure both lengths but adjusted by perceptual
judgment.
6. Used strip to measure both lengths but did not attend to both
pairs of eqﬁpoints.
7. Measured correctly.
Scoring Criteria
Unsuccessful (0): ‘ Used a perceptual strategy or used
strip but did not evidence an under-
standing of measurement principles
(strategies 1-4),
Partially Successful (1): Measured both lengths, but achieved
only an spproximate result (strategies
5 and 6).
Successful (2): Measured correctly--attended to both

!

pairs of endpoints (strategy 7).
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‘ . ‘.‘f‘ . <
Coding Scheme--Lesson II-~Problem 1 TN\

N ¥

v

"'1. Perceptual solution-—"j;sz looks right."
2. Perceptual solutioh-;aligned endpoint of second road Yertically
with endpoint of first.
3. Percepgpal solution--then compared (and corrected second road)
Ve
by "measuring” both with intermediate object (finger span,
- iteration with rod, etc.): -
a. used groés v£suai estimate.
b. used marking or careful visual estimate procedure.
4. Matched rods to the given road but only in approximate fashion
(e.g., ﬁatched one rod at a8 time and visually estimated reference
points on given road; matched rods to only parg of the road).
5. Matched r;ds, laid out road, then changed it according to
per;eptual Judgment.
6. Matched rods in trial and error fashion--laid out straight
road, then matched and corrected road, -then matched road again,

etc.

7. Matched rods systematically and correctly.

Scoring Criteria:

Unsuccessful (0): Evidenced no understanding of measure-
ment principles, i.e., used strategies
based on perceptual judgment

{strategies 1-3a),
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Partially Successful (1): Evidenced some understanding of
the measurePent principles by match-
ing rods to the 3iven road or by
using some other measurement technique
but reached only an approximate

. ¢ © solutien (strategies 3b-5). .
Successful (2): Evide;ced an understanding of the
| measurcment principles and reached

an exact solution (strategies 6 and 7).

- - )

' 275 .
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Coding Scheme--Lessan II--Problem 2

1., Perceptusl solution--"just léaks rigﬁt".

2. Perceptual solution--aligned endpoint of comstructed.length
vertically with endpoint’ of one of the boards.

3. Perceptual solution--then compared by "measuring" with an inter-
mediate object (finger span, etc.) but used only visual estimates:
a. measured only one board; or both boards treated individuafly.‘

. b. measured Poth boards and used their sum for comparison. <

'~ 4, Marched rods with one board or the other, or both individually,

. but did not combine results to construct length.

5, Matched rods with both boards, combined results to construct
length, then adjlusted length by perceptual judgment.

6. Matched rods with both boards in trial and error fashion--
laid out length, then matched rods with boards and corrected

length, etc.

7. Matched rods with both boards and combined results to construct

length.
Scoring Criteria
Unsuccessful (0): Used only perceptual solution and/or
evidenced no understanding of the
additivity principle (strategies 1,
2, 3a, and 4).
Partially Successful (1): Evidence some understanding of the

additivity principle but reached




Successful (2):

-

263

only an approximate solution
(strategies 3b and™$).

Evidenced an understanding of the
gdditivity principle and reached
Bn accurate solution (strategies

6 and 7).

277
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A Coding Scheme--Lesson II--Post-Instruction Task

1. Perceptual so€y€10n-"just looks right."

2. Perccptual éolutio;—-aligned endpoint of second road vertically
with endpoint of first.

¢ 3. Perceptual soluticn--aligned endpoint of second road angularly
with endpoint of first. h

4. Perceptual solution--then compared by "measuring' both with
intermediate object (finger span, iteration with rod, etc.):
a. used gross visual estimate.

b. used marking or careful visual estimate procedure.

S. Matched rods to the given road but enly in approximate~fashion
(e.g., matched one rod at a time and visually estimated reference
points on given road; matched rods to only part of the road).

6. Matched rods, laid out road, then corrected it according to
perceptual judgment.

‘\z: Matched rods in trial and crror fashion--laid out stréight ;oad,
then matched and corrected rcad,.then matched road again, etc.

8. Matched rods by laying them bes§de given road.

8, Matched rods correctly.

Scoring Criteria
Unsuccessful (0): Evidenced no understanding of measure-

ment principles, 1.e., used strategies



Partially Successful (1):

Successful (2):

—_—

based on perceptual judgement
(strategies 1-4a)

Evidenced some understanding of the
measurement principles by matching
rods to the given road or bf using
some cther measurement technique -
but reached only an approximate
solution (strategies 4b-6)
Evidenced an understanding of the
measurement principles (strategies

7-9).

< 27
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Coding Scheme--Lesson III-~Problem 1

1. Laid rods along only part of the object--did not cover the *
whole lenéfh (e.g., di& not go from endpoint to endpoint;
left spaces between rods). N

2. Laid rods along eptire le;gth but failed to count them
appropriately (e.g., counted only some of them; counted them
twice). (This does not include an accidental miscount.)

3. Used a basically correct measuring and counting procedure but

did not carefully attend to the endpeoints.

4. Used correct procedure and achieved an accﬁkite solution.

Scoring Criteria

Unsuccessful {0): Evidenced little understéhdin% of
unit measurement and assigning a
numerical value to a specified
length (strategies 1 and 2).

Partially Successful (1): Evidenced some understanding of
unit measurement but did not ;;hieve
an accurate solution (stratcgy 3).

Successful (2): Eviden~ed an understandin; of unit
measurement and achieved an accurate

solution (strategy 4).

"0
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Coding Scheme--Lesson 1II--Problem 2

1. Measured length without using rod for iteratiomn (e.g., finger
span, steps with fingers or with rod as pointer, etc.).
. 2. Measured length by sliding rod along while counting or

“stepping" rod alpng length without attending to referencg
points. | o
3. Measured length with rod by using entire finger as the reference
point?t
a. counted finger as well as rod to give measure,
b. counted only 10d movements to give measure.
4, Measured length with rod by visually and carefully estimating
reference points.
5. Measured length with rod using appropriate technique but
miscounged in some way.
6. Measured length with rod correctly by accurately marking
reference points with finger.
Scor C eria
. Unsuccessful (0): Evidenced little or no understanding
of unit iteration as a measurement
proc:ss (strategies 1, 2, and 3a).
Partially Successful (1): Evidenced some understanding of
unit iteration but used inaccurate
technique or miscounted (strategies

3b y and 5) .

281
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Successful (2): . Evidenced an understanding of
~:} unit iteration and used an accurate

technique (strategies & and 6).
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Coding Scheme--Lesson III--Problem 3

1. Perceptual solution--one looks longer (did not measure).
2. Measured only one length with rod, i.e., did not compare
. length by measuring both.

3. Measured lengths using procedures other than unit iteration
(e.g., finger span, steps with fingers),

4. Measured both lengths using approximate unit iteration and
based }esponse on this measurement:
a. slid rod along length or "stepped" rod along length while

counting--did not use reference points.

b. used entire finger as the reference point.
c. miscounted in some way.

5. Measured both lengths but gave res .~sed on perceptual
judgment rather than a comparison 7{ the measures.

6. Measured both lengths correctly (attended to reference points
by careful visual estimates or marking them with fingers)

and gave appropriate response.

Scoxing Criteria

Unsuccessful (0): Used only perceptual or gross unit
iteration procedures to measure and/or
did not use the measures to compare
two lengths (strategies 1-3, 4a, and 5),
Partially Successful (1): Used an approximate form of unit

iteration and compared length based

Q 283




Successful (2):

on these measures (strategies 4b and
G4e).

Measured accurately by iterating a
unit and used results to correctly

compare lengths (strategy 6).

28§
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Coding Scheme-~Lesson I1I--Post-Instruction Task

Perceptual solution--"looks just as lomg" (did not measure).
Measured only one length with rod, i.e., did not compare
strips by measuring both. |

Measured second length in wrong direction and was left with
complement.

Measured'lengths using procedures‘other than unit {teration

(e.g., finger span, steps with fingers).

5. Measured both lengths using approximate form of unit iteration
(systematic or trial and error):

a. slid rod along lengths or "stepped" rod along length while
counting--did not use reference points.

b. used entire finger as the reference point.

c. mnmiscounted in some way.

6. Measured both lengthsg using an accurate technique and unit
iteration--careful visual estimates or finger marking
(systematic or trial and error).

Scoring Criteria
Unsuccessful (0): Used only perceptual or gross unit

iteration procedures to measure and/or

did not use the measures to compare two

lengths.

Partially successful (1): Used an approximate form of unit

iteration and compareﬁ lengths based



Successful (2):

..
.
e .

on these measures (strategies Sb

and 5¢).

Measured acgurately by iterating
a unit and used results to
correctly compare lengths

(strategy 6).

272
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Coding Scheme--Lesson IV--Problem 1

1. Perceptual solution--"looks just as long."™

2. Counting solution--laid out just as many rods.

- 3. Attended to unit size,.i.e., recognized the difference in unit
size and Indicated that this was a relevant'factor in the solution
but did not use the information appropriately (e.g., laid out
more long rods than short).

4. Matched rods alongside given road:
a. changed final road using perceptual judgment.
b. used matching to achieve an accurate solution,
5. Attended to unit size and laid out less long rods than short omes

(or more short rods than long ones).

Scoring Criteria

b Y

Unsuccessful (0): Buiit road without accounting for
unit size in the construction
. process (sfrategies 1, 2,'and 4a).
Partially Success{ul (1): Accounted for unit size in construction
of road but did not use the inverse
relationship appropriately (strategy 3).
Successful (2): Accounted for unit‘siée in appropriate
way to achieve approximate or accurate
solution, or achieved accurate
solution by using matching strategy

(strategies 4b and 5).
el

(‘ 0{.287
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Coding Scheme-~Lesson IV--Problem 2
1. Gave incorrect response with following explanation:
a. no reasgm given;
b. perceptual explanation.
c. number of units.
2. Ggve correct response with following explanatioun:
&. no reason given.
b. perceptual explanation.
c. they were the same (different) size before.
d. different-size ro&s measure different number of units.
-ScdringACritegig
Unsuccessful (0): Gave incorrect response (strategy 1).
Partially Successful (1): Gave correct response but did not
provide logical explanation
(strategies 2a .and ij.
Successful (2): Gave correct response and provided

logical explanation (strategies 2¢

and 24).

283
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Coding Scheme--Lesson IV--Post-Instruction Task

-

1. ' Did not make straight road (thought an .qual-length road must
. be crooked). " -
- 2. Perceptual solution--"just looks right."
3. Percgptual solution--aligned endpoint of second road vertically
with endpoint of first road.
4. Perceptual solution——then coﬁ;ared {and correccéd second road) by

“measuring"” both with an intermediate object (e.g., finger span).

5. Counting solution--used as many short rods as there were léﬁg

ones,
6. . Attended to both unit size and unit number in constructing a
Y solution:
a. adjusted solution according to pé?ceptual judgment. '
b. attended to the difference in unit size but did not account
for the sum of thesé differences.
c. . gonsideredlsfze ratio and used approximately correct number
of short rods (from 6 to 9). (’f
Scoriﬁg,Criteria |
Unsuccessful (sz Evi&énced no understanding of the
) inverse relationship between unit
N size and unit number, i.e., used
g strategies based on perceptuai judgment
- or on unit number only (strategies l-é).
. ~
. ) . "
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Partially Successful (1): Recognized the inverse relation-
ship but did not achieve ar approx-

° {mately accurate solution (strategies

6a and 6b). J \

Successful (2): v | Recognized thé inyerse relation-
ship and achieved an approximately’

. ' . accurate solution (strategy 6c¢).

o - 290
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Scoring Criteria for Recognizing and Resolving Conflict

Unsuccessful (0)1§~.~ Did not recognize or notice the
. A
: difference in results cr did not

x

see thé inconsistency in arriving

at two different measureS for the

same length (e.g., "both are right").

Partially Successful (LQR Indicated that they noticed a
differcnce in the results and
that one of the resélcs must be
incorrecet (either by spontaneous
verbal statement, verbal response
to question, or demonstration);
/s ) but could not explain or otherwise
- reconcllé the difference, or
| explained it on the basis of a non-

measurcment rationale.

Successful (2): Recognized and explaine& the
differvnce in results either
verbally or via demcnstraﬁ&og
by appealing to the relevant
principie(s) or measurement,

either Jdirectly or indirectly.
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APPENDIX F
1
CONTINGENCY TABLES-——

DEVELOPMENTAL GROUPS X MEASUREMENT TASK PERFORMANCE




gy - h
Developmental Groups X Measurement Task Performance
Logical Reasqgi;g Ability
Task | Table Mean
) Task Score
lesson I, 6 1 2
Problem 1
High ~0J s| 11 1.6875
Low «o" s| 11 1.6875
Lesson I, . .. c_1 2
Problem 2 ;
High | , 1‘ 13| 1.6875
Low 1 7‘ 8 1.4375
Lesson I, 0, 1 2
Post~ High - L |
inst:uction & 5 3 8 1.1875
task _‘ t
) o Low 71 s & ,8125
Lesson 11, 0 1 2
Problem 1
High | 41111 1.4375
Low 71 1] 8 1.0625

~

Table entries represent number of subjects?

< P bt

+

*Tasks on which between group differences were predicted.
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L4787

.4787

. 7042

.6292

.9106

.8342

.9979 .



Lesson 1I,
Problem 2%

i

Lesson II,
Post-
instruction
task¥*

Lesson III,
Problem 1

Lesson 11T,
Problem 2

Lesson III,
Problem 3

Lesson III,
Post-
instruction
task

‘Lesson IV,
Problem 1%

e i s . iy

High | 5 | » 1;*1
L ’ ‘
ov 15 |1 |10

o 1. 2
High | 3 | 5 |11
Low 6 | 21 8
o 1 2
High | o | o | 16
Low o | o} 18
9o 1 !2
High ‘ 1 8 7
Low L 118 7
o 1 2
High 1 9 6 i
Low 1 113 2 ‘
o 1 2
High l 5 8 3 {
Low | g | 3|4 ‘
: 0o 1 2
High ‘ 1 0 15
Low ‘ 4 0, 12

A

1.7500

. 1.3125

1.5000

1.1250

2.0000

2.0000

1.3750

1.3750

1.3125

1.0625

.8750

.6875

1.8750

1.5000

5774

9465

.8165

.9574

.0000

.0000

.6191

.6191

.6021

L4425

.7188

8732

.5000

.8944

280

e
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Lesson IV, ‘ 0 1 2
Problem 2% :
~ High | 5 | 1 | 15 1.9375 .2500
Low | 4 | 4 |11 1.6250 ,6191
3 Lessoh, v, 0 1 2
Post=- Righ
. fnstruction & 31 31|10 1.4375 .8139
. task* Low
11 0| 2 . 2500 .6831

Information Processing Capacity

Lesson I, 0 1 2 b
Problem 1 Hieh
8 o | 5|1 1.6875 4787
. Lev | 5|5 |u 1.6875 4787
Lesson i, | 0 1 2
Problem 2
High ! 1 {4 l1n ] . 1.e250 6191
Low ‘ 2 | 4 |10 1.5000 .7303
Lesson I, 0 1 2
. Post~ , 1
{nstruction High 6 3 7 1.0625 .9287
task* Low - )
6 | 5 | 5 .9375 .8539
-~
b .
J o~




Lesson 1I,
Problem 1

Lessen II,
Problem 2

L]
Lesson 1I,
Post~-
instruction
task*

Lesson 11I,
Problem 1

Lesson III,
Problem 2

Lesson III,
Problem 3

Lesson II1I,
Post-

instruction
tagk*

High

Low

High

High

Low

High

Low

High

Low

High

Low

High

Low

-~
0o 1 2
4] 2 110
7 1ol
0 1 2
4 |1 ]l1
2 | 2 J12
0 1 2
3 | 3 (10
6 | 1109
o 1 2
0 0‘16
0 olle
o 1 2
2 |10 z.i
0 | 6 mt
o 1 2
2 e |1
1 817‘
o 1 2
7 9‘0!
7 2*7'

1.3750

1.1250

1.4375

1.6250

1.4375

1.1875

2.0000

2.0000

1.1250

1.6250

1.0000

1.3750

5625

1.0000

.8851

1.0247

.8921

.7188

.8139

.9811

.0000

.0000

.6191

. 5000

.3651

.6191

.5123

.9661

282



Lesson 1V,
Problem 1

Lesson IV,
Problem 2

Lesson 1V,
Post-

instruction
task¥*

1 2
High ‘ 0 14
Low i o |13

1 2

High ] ! 12

Low 2 1 14

1 2

High ) ‘ 6

Low 1 ‘ 6
ei" 235’7’

1.7500

1.6250

1.6875

1.8750

.8750

.8125

.6831

.8062

.6021

.3416

L9574

.9811

283
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APPENDIX G

MEASURFMENT STRATEGIES USED ON POST-INSTRUCTION TASKS

Q ' 293
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Measurement Strategies Used on Post-Instruction Tasks

-

Lesson 1 Lesson I

Information Processing Informstfon Processing

- . Capacity Capacity
High Low High Lovw
. 1 T
gigh |27 | 6486 © uggn | 5050809, ) LA
* logical ol 1,2,7,7, 7,2,7.7, Logtcal 7.5,8,9 7,9.9,9
Reasoning ~ 566 ¢ Reasoning ":G
Abflity Abilfty
7.45,1,2, | 7,2,3,2, 9,5.1,9, | 9, 7.9, |"°
Lov e 6,7,7 | 6,2,2,6 bov 14,9,1,9 \l.i.s,l
N
lLesson Il1 Leason IV
information Procebsing 1oformation Procussing
Capacity Capacity
High Low High Low
High 5b,5,5¢ . 2,1,55,6 Righ 6c,6c,6b 6c,6c,6b
é&gical %a3,5%,3 6,%,6,1 Logical 3,6b,6¢ 6c,6c,6¢
casoning Reasoning
AbSIity 3b,3b Abilfty 2.6c bes3
Lo 551,1,5 5b.1.6.§ Lov ‘6c.3.5.3 5¢5,5,3
1,561,4 6,6,3,6 3,6¢,2,3 5,.3,5,5
1,55 -
A Entries in tables refer to strategy numbers given in the coding schexes,
. Appendix E.

At

&

~
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APPENDI1X H

PRETEST PERFORMANCE °

: ’ ' . '300




L2

was scored au successful (S), transitional (T), or unsuccessful (V).

287

”

Pretest Performance
. ~

Eight {icms were included in the pretest. The items, and the

criteria uscl for scoring performance are described in Appendix B.
. |
Point 26é;§ing was scored as successful (S) or unsuccessful u).

Cumulati . Pvrformance on_ length conmservation and length transitivity

~ -
>

&

Perfnrmance on each of the measurement tasks was scored as success-

ful (S)g partially successful (P), or unsugcessful (U). High (H)
backward digle sRan was considered té be a span of three or more and
low (L) hackward digit span was considered to be a span of two or

less.
L
In order to reduce testing time and to make minimal demands
on students and teachers, pretesting with a particular subject

was concluded when the subject was eliminated from the final sample

(see pp. 117-120 for a deseription of the criteria used for sample

selection). Consequently, many.potential subject 5 received only
some of the pvetest.items. A (=) indicates that the subject &id
not receive that iéem.

The following is a sﬁmmary of pretest performance using the

abbreviatiou: described gbove. ‘ >

~
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Subject Point Length conservation/ Measurement Backward

Number Counting Length transitivity 1 é_ 3 ét Digit Span

Schoo} A _ ‘ .
1 S u ’ P - - = -
*2 S U . U U U Uu L
3 S T - - - - -
, 4 S U P - - - -
5 S T - - - - -
6 S .S S - - - -

*7 S U U U U U H ~
‘ 8 S T - - - - -
9 S T - - - - -
. ~
10 - S - U § - = = -
*11 s U U U U v T L
12 s . o - - _
o~

13 S S ' vp'v v s -
*14 s U U U U D L
. 15 J's .“-\ T - -
16 S T : | - - - - -
*17 S U VU UU H
18 S v v P - - -
%15 .8 | v - . U U Uuu L
EZG -5 . U ‘, U v u U B

-t
= .

gt
&
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'Subject Point Length conservation/ Heasurement Backwaz"d

: Number Counting Length transitivity 1 2 3 4 Digit Span
. *21 s - U . Uey U U ;|
) 22 : S s 1 ‘ v P - - ° -
23 S v v Uve - | -
* . *24 S U g uvu v J L
%25 s S o yvuu ~ H
‘26 5 T : - - - - -
%27 s? v U Uy L

N
—_ 28 ¢ S U v P - - -
29 S T - - - - -
30 s - S - - - -
31 S ‘ T - = e .= -
*32 S U - U U U Uy L
33 S U v u § - -
34 s v s - - - -
35 S T : - - - - -
. School B

36" " S S U s - - -
37 s U D P - - -
38 5 s § — =« = =
39 S ' T ' R -
T %40 S U VU DU B
} ’, o

Q : P 3"3




Subject

Point

5

Length conservation/

. r
Rumber ' Counting Length transitivity

*41
42
43

*44
45

*46
47

*48
49

%50
51
52
53
54
55
56
57

*58
59

*60

S

S

b

o

S

T

3

- e

-

304

< 290

Measurement Backward

{*)

4

U

Digit Span

L

i
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\

Subject Point  Length conservation/ Measurement Backward

Number Counting Length transitivity 1 2 3 & Digit Span

- 62 S T - - - - -
X 63 S u - - - - -
64 s - U T -
. 65 S S U U U S -
66 S U - - = - -
- %67 S - U U U U L
> 68 S N - - - - -
69 S T - - - - -
*70 s S UVUUD U L
71 s T - - - - -
%72 s S ‘U U U U H
73 S T - - - - -
74 s T - - - - -
75 S U ‘ - - - - T -
76 S U - - e - -
*77 S S U U U U L
. S ‘
* .
' ' 80 S T - - - - -
®.




Subject

Number

Point

Counting Léhg;h transitivity '-l

Length conservation/ Measurement Backward
.

83
84
85
86
87
88
89
90
91
92
*93
94
95
86

97

98

*99
100

101

102

103

S

S

T

3

e =

=]

v

36

2

3

4

.

Digit Span’

e

L
4
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Subject Point Length conservation/ Measurement Backward

Number Counting Length transitivity 1 2 3 4 Digit Span

" 104 s U e - - - -
] 105 S T - - - - -
School C . : -~
K 106 s~ u - - - - -
*107 S ) s U 0 U U ‘L
108 s u - - - - -
109 S S U S, - - -
110 S T - - - -
111 S U e - -
112 | S T . - - - -
1z - s T - - - - -
%114 S s v UUuU L
115 u --, - - - - -
116 S U G e e = - -
117 S v o2 - - -
, 118 - S T A
%119 S S U U U U H
. 120 s U - - - - -
121 s S ' U s - - -
122 S v - - - - -
123 5 T e e = A
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) Subject Point Length conservation/ Measurement Backward
, Number Counting Length transitiviecy 1 2 3 4  Digit Span 2
*124 g‘ S U U U U o
- %125 S 5 U v u U " H
’ ! 126 s v - - - - - |

127 S T - - = - - »
128 s u - - - - - |

129 s T - - - - i,

130 S U - - - - -

131 S U - - - - -

132 s S S = - - -

© 133 S T - - - - - ‘

134 S T - - - - -

135 S T - - - - -

136 S S U B U S -

%137 S S U u v v H )

138 S U - - - - -

139 8 U - - - - - .
140 S v - = - - - L
141 S U - - - - - ,
142 - U - = - - -

143* S T - . = - -

:«‘ ‘ *Subjects selected for final sample B
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